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ABSTRACT

The behavior of externally prestressed composite beams under short term loading has been studied. A
computer program developed originally by Oukaili to evaluate curvature is modified to evaluate the
deflection of prestressed composite beam under flexural load. The analysis model based on the
deformation compatibility of entire structure that allows to determine the full history of strain and
stress distribution along cross section depth, deflection and stress increment in the external tendons ..
The evaluation of curvatures for the composite beam involves iterations for computing the strains
vectors at each node at any loading stage. The stress increment determined using equations depended
on the member deflection at points of connection. The stress increment determined using equations
depended on the member deflection at points of connection. The proposed model results for load —
deflection response are compared with experimental data taken from Auyyb's beams. For beams with
straight tendon profile the average discrepancy reached 5.77%, 8.48% and 5.23% corresponding to the
0.25, 0.5 and 0.75 of the maximum load, respectively. For beams with the draped tendon profile, the
average discrepancy of the analytical deflections values reached 15.5%, 5.8% and 6.45%
corresponding to the 0.25, 0.5 and 0.75 of maximum load, respectively.

KEYWORDS: Serviceability Performance, Composite Girders, External Prestress, Deviator, Second
order effect
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INTRODUCTION

External pre-stressing may be defined as a
prestress inducted by tendons located outside
the beam section and not directly connected to
the beam along its length, but only in some
places, through deviators and end-anchorages.
This type of pre-stressing can be applied to
both new and existing structures, that have to
be strengthened due to several reasons like:
changes in use, deficiencies in design or
construction and structural deterioration due to
age (F.Osimani, 2004). The first use with
external steel tendons was in the 1950s, but
after that it lay dormant for some time. Now
external prestressing techniques with steel
tendons have been widely used with success to
improve existing structures (H. Nordin, 2005).
The deterioration of existing bridges due to
increased traffic loading, progressive structural
aging, and reinforcement corrosion from severe
weathering conditions has become a major
problem around the world. The number of
heavy trucks and the traffic volume on these
bridges have both risen to a level exceeding the
values used at the time of their design, as a
result of which many of these bridges are
suffering fatigue damage and are therefore in
urgent need of strengthening and repair.
External prestressing is considered one of the
most  powerful  techniques used for
strengthening or rehabilitation of existing
structures and had grown recently to occupy a
significant share of the construction market. (
Harajli et al, 1999).

A composite beam can be prestressed, using a
jack, by tensioning  high-strength tendons
connected at both ends to brackets or
anchorages that are fixed to the composite
beam. Prestressing a composite beam can

735

introduce internal stresses into the member
cross sections that can be defined for different
purposes. Such induced stresses can then
counteract the external loads applied on the
structure. Prestressing can be carried out for
simple-span or continuous-span  composite
beams. The main advantages of prestressing
steel members are the following:

e To enlarge the elastic range of behavior.
e To increase the ultimate capacity.
e To reduce the structural steel weight;

The first advantage results from the
introduction of an internal moment couple
acting in opposite direction to that induced by
the externally applied loads. For example,
prestressing a tensile member increases the
yield load because, to reach yielding, the stress
in the member has to change from initial
compression to the yield stress in tension.
Second, adding tendons to a steel member
increases the ultimate capacity. However,
prestressing the tendons has no effect on the
ultimate capacity. The third advantage results
from the substitution of high-strength steel
tendons for lower strength structural steel. (H.
Saadatmanesh et al, 1989) .

STRESS-STRAIN MODEL
The stress-strain relationship for concrete

and steel takes the following form :

Ton = EmEmvm (1)
Where O . Stress in material
£4 . strain in material

E. :modulus of elasticity of material
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vy factor represents the ratio between the

elastic strain to the total strain in material, in
which (E,v,,) represents the secant modulus of

elasticity (Korpenko et al 1986)

MOMENT-CURVATURE MODEL
ASSUMPTIONS

The proposed model for calculating the
moment-curvature response depends on the
following assumptions:

1. Strain in the concrete and reinforcement
is proportional to the distance from the
neutral axis (i. e., a plane section before
bending remains plane after bending).

2. Concrete behavior in compression and
in tension is assumed to follow
Korpenko's model .

3. Steel behavior is considered to follow
Korpenko's models .

All stresses in concrete and steel are
related to secant modulus of elasticity.
Shear and torsion stresses are ignored
Perfect bond between steel girder and
concrete deck slab (i.e. no slip between
the slab and steel beam ).

The Stresses in the interface area were
neglected.

The effects of creep, shrinkage, and
residual stresses in the steel beams were
neglected .

Linear strain distribution is assumed
across the section depth (Navier's law )

A

The beam is considered as simply
supported with symmetrical shape along
the vertical centerline of the beam. This
includes the type of loading and the
beam cross section.

10.

RELATIONS REQUIRED TO
DETERMINE STRAINS VECTOR

A prestressed composite section is taken as a
case study for determining the moment-
curvature relation of structural composite
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members. The steel girders is distinguished by
the subscript (g), prestressed steel (ps), non-
prestressed steel (s). The space that is occupied
by the section is assigned by the symbol Ar. In
this space, there are areas occupied by steel
girder, concrete , prestressed steel, and
nonprestressed steel which are symbolized as
A, A, A and A, respectively, as shown in

figure (1)

Ap=A, +A +A, +A,

)
The external force, which is either normal force
(prestressing force) or applied load (dead load +
live load ) , leads to change the general form of
the element causing strain distribution at
individual sections. The strain energy per unit
length is determined by the following formula:

U =_J, (es+y)Ar 3)

“)

1
o= EE‘
E = secant modulus of elasticity of the material,
which takes into account the initial stresses and

strains, and it is calculated based on stress-
strain diagrams for the materials.
E,. xy €4,
_ ErF xy e Ar
E=4_ (5)
E,; xy €A,
E.; xy€eA,

Eq. (4) is substituted in Eq. (3). Shear stress and
strain which appear in Eq. (3) are neglected. So
Eq. (3) takes the following form:
f cEs dAy

AT

) 1
[ 3 — 7
U = (6)

Because a linear strain distribution across the
cross-section is assumed, so the third order
vector will simulate the strain increment as in
Eq. (7):
£ =2ZT
where:

(7
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:

Assuming that a plane cross section remains
plane, the strain at any point can be expressed
by the following relationship.

E=Epy 5, Py +iPx (8)

Considering Eq. (7), then Eq. (6) becomes as:

A=[e, . ¥,) Z=

. 1 _
U = > f ATZEZTAdA; (9)
AT
The matrix K is determined by the following:
K = J ZEZTdA; (10)

Ar
K= stiffness matrix relative to the selected
reference coordinates.
To identify the loads related to the resultant
axial strains, partial differentiation of the strain
energy equation is taken as:

LA LA

aEﬂ =N=HKi4i& 3 i =M, = K4
LI (11)
ap, ¥ 3 :

The general stiffness vectors K is determined
by the following equation:

K, = J Enmr,J F.y:m,.,J ExdA; b (12)
Ar AT Ar

K, =1 | Evdar, | Ey*day, | Eyxdar | (13)
At At At

K;= fi:xd.qr. J fxydAT.J Ex%dA;; (14)

At AT AT

The direct integration of stiffness vectors
elements K1, K2 , and K3 is unknown
theoretically because the secant modulus of
elasticity depends on the value of the resulted
strains, and the strain gradient which is not
equal to zero. Accordingly, numerical methods
should be used. Therefore, the cross section is
covered by mesh mostly with perpendicular
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lines. Average value of the stress (strain) is taken
in each cell. So the infinite summation of the
elements of section stiffness matrix is
substituted by a finite summation, that its
maximum value is equal to the number of
developed mesh cells. Based on this, the matrix
elements take the following form:

H;l,;l, = E?:lfgl"qyi +Z:1:;|,Eri‘qu' +
z::1Ep5iApsi+Z{:1E3iA3i
(15)

Efi‘qﬂ'yri +

L=y

z;:l-Ep:iApsi.}'rpsi +E'::1§si‘q:i ¥si

K=Ky = Ef:1ggi'ﬂgi}'gi + 35

(16)

KiS = Rai = Ef:lﬁgi"qgixgi + E?:iE['iAI‘.'I'xfi +
E:'.::[Ep:i‘dps'ixpsi +TJ Esi‘qsix:i

e 5 |

(17)

Kyp = E?:iﬁgi-‘qgiyzyi + Z?=:l£ciﬂci.}"2ri +
Erziipsiﬂpsiyzpn +E‘::1Esi“qziyzgi
(18)
Hza = E?:iEgi"qgixgiygi + EII:LEciﬂn'xriyci +
{: 1 Epsjﬁp sixp si:'rpsj + E::i Esi A‘six 5i¥si
(19)

L = _
Kss = Eg:i Egi-“"gixlgi + E:‘:;Eri‘qcixzci +
Eleﬁ__p;eﬂpsi-l'zpﬁ + Eiziﬁsiﬂsixii

(20)
(21)
Where :E = the initial modulus of elasticity for
the material (steel girder, concrete, or steel ).

v= Elastic strain factor and it expresses the
ratios between the elastic strains to total strains.



Number 6

The system (11) can be rewritten in another
form to become:

[F1=[K(2)] = [4] (22)

where [F]= load vector, include the prestressing
load vector calculated next chapter and applied
load vector with self-weight ;[K(A)]= Stiffness

matrix of the section ; [A}=Strain vector.

EVALUATION OF STRAIN VECTOR AT
DIFFERENT LOADING CYCLES

The direct iteration method is adopted to solve
a non-linear problem in Eq. (22) for
determination of the strain vector for a cross-
section subjected to known forces and takes the
following form as shown in figure. (2). In a
simple linear elastic problems the strain vector
can be obtain directly, While this solution
cannot be achieved when non linearity is
present in the stiffness matrix [K], which
depend on the axial strain level Eq..(22). The
strain vector can take the following expression :
[A] = K] [F] (23)

The external load was applied step-by-step.
First iteration assuming that the material is
linear, initially assuming the value of (A =0) to
compute the stiffness matrix, then the axial
strain is obtained as:

(3] = [K(a;-y)][F]
A,=0 (24)

i=1,23 .y e

the stiffness matrix is changed in each iteration
accordingly to the strain vector. the iteration
will be terminated when the difference between
the A; and A;_;was satisfied according to the
following equation :
1A — A4l < & (25)

Where : 4, 4,_; = axial strain vector at current

and previous iteration cycles at same load level
Jespectively .&= very small value

Programming flow chart is shown in figure (5).
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EVALUATION OF DEFLECTIONS

The value of deflection is determined using the
Newmark’s numerical integration. In the case
of a symmetrical simply supported beam, Eq.
(26) can be used by considering the following
symbols: W refers to the curvature M/EI,
y refers to the equivalent concentrated load (or
curvature in the real beam), & refers to the
shear (or average slope in the real beam
between the points) i andi +1, A; refers to
deflection, subscript 1 refers to section number,
c refers to section number in the center of the
beam, and (dx) refers to segment length which

is equal to the distance between two
concentrated loads. For simply supported beam,
there are no values of ¢ in both ends; therefore

these values can be substituted by zero.
i
A= Z (6c)) = dx (26)
n=1

Wherei=123 .......c—1

c—1

-3

it o (27)

W)
E=i+1

6 ;) 1s dimensionless

Vi =5 Woen + 100+ dgey)  (28)

Calculation of the Tendons Eccentricity.

The eccentricity  variation of externally
prestresses tendons ( i.e., second order effect)
mainly depends on the member deflection at
points of connection ( anchorages and
deviators) and the profile of tendons and
existence of deviators (Zhi-Qi and Liu, 2010).
For simply support composite beams with

external tendons the eccentricity can  be
expressed by
ey =€, — 4, (29)
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Where : e, = effective eccentricity. e,= Initial
eccentricity at the time of prestressing. A,=
change of eccentricity due to external load .

e STRAIGHT TENDONS PROFILE
The effective tendons eccentricity can be
calculated as in Eq.( 30) . as shown in figure (3)
g, =€, — 8, (30)

Where 8.~ deflection at section X .e,=
tendons eccentricity at support .
The prestressing force vector can be
determined as in Eq.(31) :
N, —F,
Mp_\' = —.Fp* ey (31)
e DRAPED TENDONS AT MID

SPAN
In this case the beam had one deviator installed
at mid span as shown in figure (4) , the

effective tendons eccentricity can be calculated
as in Eq.(32).

(L/2=x)+ep Bmid

e, = s 4TS (32)
Where: e,= eccentricity at support. ey,=
eccentricity at mid span .&,,4= deflection at
mid span .
The prestressing force vector can be
determined in Eq. (33):

N, —F,+ cosa

Myx|=|-F,« cosax e, (33)
Where : o = angle of tendon with the

longitudinal axis of beam and calculated as
a=(eg;—e.)+ 0,:0—e.(1—cosb.)

L i a
_= ; o — -1(=
b= 5 + (e,) = sinf,; a = tan (EJ]

Serviceability Performance Of Externally Prestressed
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Where : 8.= Rotation of beam at support .

e DOUBLE DRAPED TENDONS
This case is combined of two cases previously
as show in figure (5), the expression which will
be used to determine e, can using Eq. (34) :

esl xgip—x) +egx 5. 4 Sgx x ¥
e, = *div T xdi = o
eqg—6,+dby X 2 Xgiy

The prestressing force vector can be

determined :

[ N, [ —F,* cosa
Mpx|=|-F,* cosax e,l; X =X
(Mp,y 0

N, 1 F,

Mp; = —Fp* 'E'_T] ;X =Xy
Mpyl L 0

Calculation of Tendon's Stress
The following procedure lead to determine the
stress increment in the prestressing tendon

Af,,:
AL Ly—1, ,
Ag,, = —=—2_"° 36
Epy L, L (36)
Eps = Spai T A,
(37)
fps = Eps* Vps™® Epsg
(38)
‘:‘fps = fps_fpsi (39)
Where :
vpe= Elastic strain factor and it expresses the

ratios between the elastic strains to total strains
as defined by Korpinko (1986).
L, =is the tendon length between fixed points

(anchorages or deviators with no slip of the
tendons) before loading.
AL = is the increment of length of the tendon,

due to the deflection of the beam.
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COMPARISONS BETWEEN PROPOSED
MODEL AND EXPERIMENTAL TESTS

Comparisons with the experimental tests of two
steel-concrete composite beams prestressed by
external tendons with two different profiles
types. (Ayyub et al 1990). Figure (6) shows the
profile and cross section of beam B Table (1)
shows the mechanical properties of beams B
and C. Reasonable agreement of the proposed
model with the experimental data was found.
In the elastic loading range, the neutral axis of
the composite section was located within the
steel beam that resulting compression stresses
in concrete deck slab. After the steel beam
yielded, the neutral axis migrated upward.
Figure (7) shows the load deflection response
of proposed model and experimental values.
Figure (8) show strain at bottom fiber of steel
beam . The failure occurred when the strain at
the top flange of concrete reached
(g, = 0.00257). Figure (9) shows the strain of

the top fiber of concrete. the maximum value
of the stress increment in prestressed strand
reached(Af,. = 542.43 MPs). The total stress in

= 1578.27 MPa), that means the

strand still in the elastic range. Figure (10)
shows the increment of stresses in strand. The
analytical results show very good agreement
with the experimental data.

Ayyub (1990), also tested beam C which has
a double draped tendon. This beam is similar to
the previous beam B but the tendon draped at
two points under load point . The tendon was
installed at the center of gravity of the beam
(i.e. e, = 0) at support and (eg =30 mm) above

strand (f,,

bottom flange of steel beam at the pure
moment region. The prestressing force is (267
kN). The initial prestress in the strand is
(fpes = 957 MPa;f,, = 0.51,, ). Figure (11)

shows the load deflection response of proposed
model and experimental values. Figure (12)
show strain at bottom fiber of steel beam . The
failure occurred when the strain at the top
flange of concrete reached (s, = 0.0033).

Figure (13) shows the strain of the top fiber of
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concrete. The maximum value of stress
increment in prestressed strand is reached to
(Af,, = 616 MPa). The total stress in the strand

is Af,, = 1573 MPa. That means the strand still

in the elastic range. Figure (14)
increment of stresses in strand.
Figure (15) shows the load versus deflection at
mid span of prestressed and non prestressed
composite beams, the behavior of two beam are
linearly in the load-deflection curves before
yielding the bottom flange of steel beam. The
results show that the external prestressed
tendon significantly increases the yield and
ultimate load. Figure (16) shows the effect of
compressive strength concrete slab on the load-
deflection behavior of the selected beam. The
results show that the beams with stronger
concrete were more ductile (higher mid span
deflection values were reached) than the ones
with weaker concrete.

shows the

CONCLUSION

1. The proposed model which presented in
this study shows to be capable of
predicting the full history of deflection,
strain in concrete and the stress increment
in the external tendons and all internal
steel for the prestressed composite beam
under short-term loading .

2. The analytical results show very good
agreement with the experimental data. For
the beams has a straight tendon profile. The
average discrepancy of the proposed model
deflections reached 5.77%, 8.48% and
5.23% corresponding to the 0.25, 0.5 and
0.75 of the maximum load respectively.
For the beams has a double draped tendon
profile the average discrepancy of the
analytical deflections values reached
15.5%, 5.8% and 6.45% corresponding to
the 0.25, 0.5 and 0.75 of maximum load
respectively.

3. Higher tendon eccentricity results in higher
ultimate strength for the beams. Thus, if
possible, tendons should be located below
the bottom (tension) flange.
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4.

At the same tendon eccentricity there seem
to be no significant differences between the
behavior of the beams prestressed with
draped tendons and the ones prestressed
with straight tendons with no intermediate
saddle points.

External prestressing increases the yield
load and the ultimate load of composite
beams about 19.23%

The beams which has high strength
concrete show higher mid span deflection
values than the beams has low strength
concrete with higher ultimate load.
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NOTATIONS

Ag

A

g

XHA

Y

¥,

ﬁmid

Area Steel girders

Area of prestressing steel

First moment of cross-sectional area
about x-axis

First moment of cross-sectional area
about y-axis

Bed nding moment in OXZ level
Bending moment in OYZ level
Normal force due to prestress force

Moment in OXZ level due to prestress
force

Moment in OYZ level due to prestress
force

Normal force
Strain

curvature of the member longitudinal axis
in OYZ plane.

curvature of the member longitudinal axis
in OXZ plane.

Shear strain

Deflection of mid span
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Figure (1): Cross-section of the structural element
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maximum number of iterations (jn).
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]
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Caleulate matrix K(E)
As per equations (4.18 through 4 23)
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*| AF = AF/2

[ = (K] HF]

d

YES = YES
| I—

AV —d

NtS

Figure (2): Flow chart for step by step procedure for determination of strain vector for a given
load and determination of ultimate load
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Figure (4): a)draped tendon beam, b )eccentricity at distance X, c) angle of tendon
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Figure (5): Double draped tendon
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Figure (6): a) profile of beam B ,b)details of Beam B and C
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== xperimental
=#=Proposed

Figure (7): ;load-deflection response at midspan of beam B

~#-Proposed
—4—Exprimental

Figure (8): Load-Strain Curve for the bottom flange of steel beam at mid-span of beam B
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—4=Proposed
-~ Experimental

Figure (9): Load-Strain Curve for the top flang of Concrete, beam B.

Figure (10): Stress increment in the Strand determined by the proposed model at beam B
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=4==Experimental
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Figure (11): load deflection response for beam C

=4==Proposed
=#=Experimental

Figure (12): Load-Strain Curve for the bottom flange of steel beam at mid-span of beam B
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=@=Experimental
==p==Proposed

Figure (13): Load-strain curve of top flange in concrete deck slab of beam C

Figure (14): Stress increment in the Strand at beam C, determined by proposed model.
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=—4—Exp. Prestressed beam
=i—Proposed Prestressed beam

=== proposed non-prestressed beam

Figure (15): Difference between External and non Prestressed Composite Beams.

——Fc=20 MPa

~@—-Fc=30 MPa
—4—Fc=40 MPa
——Fc=60 MPa

Figure (16): Effect of Compressive Strength of Concrete on the Load-Deflection Behavior of
Beam
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Table (1): Properties of Beam A, (Ayyub 1990)

Steel Girder Properties Value

Modulus of Elasticity, E,( MPa) 200000
Ultimate Stress, f, (MPa) 565
Yield Stress, f, (MPa) 411
Ultimate Strain, £, 0.22
Area, (mm") 5709.66

Reinforcement Steel Properties Value

Modulus of Elasticity, E;( MPa) 200000
Ultimate Stress, f,, ( MPa) 420
Yield Stress, f, (MPa) 380
Ultimate Strain, &, 0.24

Area, (mm?) 78.54

Modulus of Elasticity E,. ( MPa) 29725
Ultimate compressive stress , f,_, ( MPa) 40
Modulus of rupture, f, ( MPa) 4
Strain corresponding to, f; , &, 0.002
The ratio of elastic strains to the total strains, 1 0.5

Prestressing Steel Properties Value

Modulus of Elasticity, E,( MPa) 200000
Ultimate Stress, f,, (MPa) 1860
Yield Stress, f, (MPa) 1680
Ultimate Strain, &, 0.09
Area, (mm") 180
No. of strands 2

Initial Prestresseing force, (kN) (2N) for two strands 289
Initial tendons stress, (MPa) 1035
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