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ABSTRACT 

Before corresponding points in photos taken with two cameras can be used to recover distances to 

objects in a scene, one has to determine the position and orientation of one camera relative to the 

other. This is the classic photogrammetric problem of aerotriangulation. Iterative methods for 

determining X,Y,Z ground positions for unknown points using aerotriangulation process, were 

developed long ago; without them we would not have most of the topographic maps we do today. 

Described here in this research a simple iterative scheme for recovering relative orientation process 

then applying intersection problem (vector method) using the condition of coplanarity, out of the 

usual for photogrammetrists in using the familiar condition of collinearity. The data required is a 

pair of bundles of corresponding rays from the two projection centers to points in the scene. It is 

well known that at least five pairs of rays are needed, because, each object point gives only one 

equation. The results were amazing according to the variances that have been obtained for the 

angular orientation elements. The programs have been written using Matlab software ver. 5.3. 
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INTRODUCTION 

Aerotriangulation is the term most frequently applied to the process of determining X,Y & Z�

ground coordinates of individual points based on measurements from photographs. 

Aerotriangulation process can be applied using different techniques, such as analogue, 

semianalytical, analytical and of course digital techniques. Analytical aerotriangulation tends to be 

more accurate than analogue or semi analytical aerotriangulation, largely because analytic 

techniques can more effectively eliminate systematic errors. Several different variations in 

analytical aerotriangulation techniques have evolved. Basically, however, all methods consist of 

writing condition equations, which express the unknown elements of exterior orientation of each 

photo. The equations are solved to determine the unknown orientation parameters and the ground 

coordinates of unknown points. The most commonly used methods enforce one of two conditions: 

collinearity or coplanarity. In coplanarity method (that used in this research), one equation may be 

written for each object point whose images appear on both photos of the stereopair. The coplanarity 

equations do not contain object space coordinates as unknown; rather, they contain only the 

elements of exterior orientation of the two photos of the stereopair. Therefore; after solving for the 

elements of exterior orientation, object point coordinates are calculated, by solving the space 

intersection problem by colliniarity,or using the vectors method that have been used in this research. 

 
COPLANARITY CONDITION 

The coplanarity condition equation illustrated in Fig (1) is fundamental to relative orientation. 

When relative orientation is achieved, the vector iR1

�

from iO to iP  will interest the vector iR2

�

 from 

2O  to iP  , and these two vectors together with air base vector, b
�

 , will be coplanar. 

 
Fig. (1) The coplanarity condition 
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Hence, their scalar triple product is zero. That is  

0211 =×⋅= ii RRbF
���

                   (1) 

Where 1F  is the mathematical model. Furthermore,  
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1K  and  2K  are scale factors, 1r
�

 and 2r
�

 are the corresponding location vectors in camera space. 
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 The assumptions made about the rotation matrix M  are: 

� The rotations are in a right-handed system. 

� The rotations, proceedings from the ground (or model) system to the photo system of    

coordinates are ω  primary, φ  secondary, and κ  tertiary. 

 

Equation (1) may be written in determinant form as, 

0

222

1111 =

�
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=

iii

iii

ZYX

ZYX

ZYX

bbb

F                        (2) 

  

Now, let 121 == KK    and    0== cc yx  . Then, using photo 2 for the dependent method of 

relative orientation, 

 

011111 ===== zy bbκφω  

Here  

12 yyY bbb −=             and              12 zzZ bbb −=  

The vectors iR1

�

 and iR2

�

 are then reduced to 
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Note here that ,,φω  and κ  are for camera 2. 

  

Substituting Eqs (3) and (4) in Eq (1) and then expanding and rearranging, the mathematical model, 

1F  is given by: 
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LINEARIZATION OF THE COPLANARITY CONDITION EQUATION 

The coplanarity condition equation (eq. (5)), is linearized into the general form: 

  

[ ]( ) [ ]( ) ( ) 0=+∆+ Oiiii FBVA  (6) 
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(observed quantities) 

(parameters) 

 

(evaluated with observations and approximate parameters) 

 

(a vector of residuals) 

(a vector of corrections to approximate parameters) 
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Substituting from Eq.(4):- 
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�
�
�

�

�

�
�
�

�

�

=
∂

∂

iii

zyx

i

i

ZYX

mmm

bbb

y

F

222

1

23

1

22

1

21

1

 

       

�
�
�

�

�

�
�
�

�

�

=

iii

zyx

ZYX

bbb

222

010  

       

      ( )izix XbZb 22 ⋅−⋅=   (10) 

      
( ) ( )[ ]

[ ] )11.(....................sinsincoscoscos

coscossinsincoscossincossincossinsin

22

22

φκφκφ

φωκφωκωκφωκω

fyxb

fyxb

iiz

iix

−−−

−++−=
 

 

Furthermore, 

 

�
�
�

�

�

�
�
�

�

�

=
∂

∂

1

13

1

12

1

11

111

2
mmm

ZYX

bbb

x

F
iii

zyx

i

i  

       )12.....(..........

cossincossinsincossinsinsincoscoscos

11

�
�
�

�

�

�
�
�

�

�

−+

−=

κφωκωκφωκωκφ

fyx

bbb

ii

zyx

 

 

     
( )( ) ( )( )

( ) )13........(..........coscos

cossinsinsincoscossincossinsin

1

111

κφ

κφωκωκφωκω

izy

iyxiyix

ybfb

xbfbxbyb

⋅+⋅−

+⋅+⋅+−⋅−⋅=
 

 

�
�
�

�

�

�
�
�

�

�

=
∂

∂

2

23

2

22

2

21

111

2
mmm

ZYX

bbb

y

F
iii

zyx

i

i  

        )14.....(..........

sinsincossinsinsinsinsinsincoscoscos

11

�
�
�

�

�

�
�
�

�

�

+−−

−=

κφωκωκφωκωκφ

fyx

bbb

ii

zyx

 

        

        
( )( ) ( )( )

( ) )15..(....................sincos

sinsinsincoscossinsincoscossin

1

111

κφ

κφωκωκφωκω

izy

izxiyix

ybfb

xbfbxbyb

⋅+⋅+

−⋅+⋅++⋅−⋅=
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From equation (4):- 
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From equation (4): 
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Now, substituting values in eq. (20): 
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From eq. (4) 
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Substituting, values into eq. (22): 
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From eq. (4): 
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Now, substituting the values into eq. (24): 
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 Here in our case, we use two overlapped photos with six points appear on each one, so the 

dimensions of the matrices will be: 
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Here 

The numbers, (24) refers to the number of observed quantities, (6) refers to the number of condition 

equations where observed quantities and unknown quantities are present, and (5) refers to the 

number of unknown quantities. 

 

LEAST SQUARE SOLUTION OF THE COPLANARITY CONDITION EQUATION  

Coordinate observations at five selected points give a unique solution of the parameters 

( 2222 ,,, φωzy bb   and  2κ ). However, when redundant observations are made, an adjustment situation 

arises, and the principles of least squares is applied to minimize the sum of the squares of the 

residuals. 

The solution vector ( ∆ ) is given by 

( ) O

TT
FMBBMB

111 −−−−=∆       (26) 

Where 
T

AAWM
1−=  

=W  weight matrix associated with the observations 

O

TT
FKLWVV −=         .(27) 

Where 

( )OFBMKL +∆−= −1  

The unit variance 2

om  is given by 

ur

WVV
m

T

o
−

=2         .(28) 

Where 
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=r  number of condition equations 

=u  number of unknown quantities 

( ) =− ur  the degree of freedom 

The weight coefficient matrix of ∆  can be written as  

( ) 11 −−
∆ = BMBQ

T        (29) 

The variance-covariance matrix of unknown parameters is 

∆=∆� Qmo

2          .(30) 

 

The corrections ∆  are added to the approximate values of the parameters which were used in 

computing the coefficients of [ ],, ii AF  and [ ]iB . It is sometimes necessary to iterate the solution 

until the corrections are negligible. Quantities related to both the parameters and the observations, 

should be updated for each iteration. The number of required iterations depends on the initial 

approximations, the total number of parameters, and the geometric strength of the model. Here, we 

used 6 iterations depending on the conditions above. There are several criteria, one of which may be 

used to terminate the iteration in a particular case, e.g., minimum variances of 0.00001rad for the 

angular orientation elements (as used by NOAA). 

 

INTERSECTION BY VECTORS 

The intersection of five pairs of rays 1R
�

 and 2R
�

 is the condition for relative orientation. After the 

relative orientation one may find, however, that the rays fail to intersect, i.e., there may be residual 

parallaxes. Therefore, one must define a point which will represent the location of intersection 

(acceptable for model point coordinates). A suitable point is one mid way along the vector D
�

 

between vectors 1R
�

 and 2R
�

 (see Fig. (2)) in the region where the rays come closest together. 

 

 
 

Fig. (2) The intersection concept in coplanarity condition 

 

The direction (but not the length) of vector D
�

 which is perpendicular to both 1R
�

and 2R
�

is given by: 

21 RRD
���

×=            …………….(31) 

From this it is apparent that 
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bRKDdRK
����

=⋅+⋅+⋅ 2211          (32) 

Where 21, KK  and d  are three unknown scalar multipliers (scale factors). Equation (32) has three 

components and, therefore, it may be solved for the three scalars. 

The vectors 1R
�

and 2R
�

are determined using Eqs. (3) & (4) after evaluating the final matrices [ ]1M  

and [ ]2M . The base components ( )
zyx bbb ,,  are also determined after the relative orientation 

procedure. 

 

Equation (31) can be written in the form: 

�
�
�

�

�

�
�
�

�

�

−

−

−

=

�
�
�

�

�

�
�
�

�

�

=

2121

2121

2121

XYYX

ZXXZ

YZZY

D

D

D

D

Z

Y

X
�

        .(33) 

 

Since the triangulation is performed in the X direction (of strip), it is possible, as a harmless 

approximation of this condition, to choose for D
�

 the unit vector along the Y direction (i.e.,Y 

Parallax in the model space). In this case the scalars 1K  and 2K  are given by: 

 

ZXXZ

zXxZ

RRRR

bRbR
K

1212

22
1

⋅−⋅

⋅−⋅
=                    (34) 

And 

ZXXZ

xZzX

RRRR

bRbR
K

1212

11
2

⋅−⋅

⋅−⋅
=         .(35) 

 

Here, the coordinates of the required point P are: 

 

( ) ( )[ ]

ZOP

YOYOP

XOP

RKZZ

RKYRKYY

RKXX

111

111222

111

2/1

⋅+=

⋅++⋅+=

⋅+=

                               (36) 

 

The residual Y parallax which is the scalar 1d  is given by: 

 

( ) ( )YOYO RKYRKYd 1112221 ⋅+−⋅+=        (37) 

 

RESULTS 

The results that have been gained in this research are:- 

 

1- Relative Orientation:- 

 

 
2LY  (m.) 2LZ  (m.) ω   (rad.) φ   (rad.) κ   (rad.) 

value 2360.129 3699.116 -0.0093 -0.0099 2.1259 
2σ  1.8415 1.7578 5.143*10^-8 1.259*10^-7 1.625*10^-8 

 

2- Space Intersection:- 
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point X (m.) Y (m.) Z (m.) Parallax  (mm.) 

1 5985.340 153.897 1079.300 0.532 

2 7824.516 709.731 1089.001 0.400 

3 8500.109 1568.394 1087.120 0.009 

4 7911.999 2839.722 1104.580 0.987 

5 7054.110 2061.984 1088.110 0.031 

6 5610.441 930.651 1081.125 1.631 

 

CONCLUSION 

Methods for recovering the relative orientation of two cameras with respect to each other are of 

importance in aerotriangulation problem. An usual iterative method for finding the relative 

orientation parameters then easily computed the ground coordinate points that appear in the coplane 

between two pairs of stereo photographs, has been described here. This method does not use the 

traditional colliniarity condition equations, even in intersection problem; but it uses the coplanarity 

condition equation, which is rather hard equation (after linearization) as compared with the 

colliniarity. The results that have been gained were so good, and encourage to apply on more than 

two photos. 
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