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ABSTRACT 

      Aeroelastic flutter in aircraft mechanisms is unavoidable, essentially in the wing and 

control surface. In this work a three degree-of-freedom aeroelastic wing section with trailing 

edge flap is modeled numerically and theoretically. FLUENT code based on the steady finite 

volume is used for the prediction of the steady aerodynamic characteristics (lift, drag, pitching 

moment, velocity, and pressure distribution) as well as the Duhamel formulation is used to 

model the aerodynamic loads theoretically. The system response (pitch, flap pitch and plunge) 

was determined by integration the governing equations using MATLAB with a standard Runge–

Kutta algorithm in conjunction with Henon’s method. The results are compared with previous 

experimental data. The results show that the aerodynamic loads and wing-flap system response 

are increased when increasing the flow speed. On the other hand the aeroelastic response led up 

to limit cycle oscillation when the flow equals or more than flutter speed. 
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 طائرة مع اسطح السيطرة في سرعت دون سرعت الصىثجىاح مقطع رفرفت المرووت الهىائيت ل

 
 وليذ جاسم محيميذ                                      د. علي عبذالمحسه حسه                               د. حاتم رحيم وسمي

 يذسط يساعذ                                   اسخار يساعذ                                                       اسخار يساعذ      

 خايعت بغذاد-كهُت انهُذست انخىاسصيٍ          خايعت بغذاد                 -كهُت انهُذست          خايعت بغذاد                -كهُت انهُذست

 

 الخلاصت

فٍ يُكاَُكُا انطائشاث خاصت فٍ اندُاذ واسطر انسُطشة. ًَىرج خُاذ يع  هُكم لا ًَكٍ حدُبها-شفشفت فٍ َظاو انًائعان   

نغشض زساب انخىاص  FLUENTقلاب خهفٍ بثلاد دسخاث زشَت حى حًثُهه عذدَا و َظشَا. حى اسخخذاو بشَايح 

الازًال الاَشودَُايُكُت َظشَا. حى حسذَذ الاسخدابت انذَُايُكُت  الاَشودَُايُكُت بالاضافت انً اسخخذاو صُغت دوهايم نخًثُم

خائح يع وحى يقاسَت انRunge-Kuttaُ  انخكايم بطشَقت  و (MATLAB) انًاحلاب قلاب يٍ خلال اسخخذاو-نُظاو خُاذ

قلاب حضداد بضَادة سشعت انخذفق -انُخائح اٌ الازًال الاَشودَُايُكُت والاسخدابت انذَُايُكُت نهدُاذ حداسب عًهُت سابقت. بُُج

انخزبزب انذوسٌ انًسخًش عُذيا حكىٌ سشعت انخذفق يسذد يٍ هُكم حؤدٌ انً زانت -ويٍ َازُت اخشي فاٌ اسخدابت انًائع

 .يساوَت او اكثش يٍ سشعت انشفشفت
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1. INTRODUCTION 

     Aeroelasticity can be defined as the science which studies the mutual interaction between 

aerodynamic, elastic of structure and inertial forces. The analysis of dynamic characteristics of 

either complex or simple structures is quite developed nowadays as far as numerical and 

experimental methods are concerned. Hence, it is correct to state that reliability in aeroelastic 

calculations is strongly dependent on the correct evaluation of the aerodynamic operator, 

Marques and Azevedo, 2007. 

  Flutter is one of the most representative topics of aeroelasticity. Flutter is a complex 

phenomenon where structural modes are simultaneously coupled and excited by aerodynamic 

loads. In a more formal way, flutter is the condition where an aircraft component exhibits a self-

sustained oscillatory behaviour at speeds higher than the critical one, Wright, 1991.  With recent 

advances in CPU speeds, current research has turned toward the application of computational• 

fluid dynamics (CFD) models to the solution of these aeroelastic problems. By the use of an 

unsteady Euler or Navier–Stokes CFD algorithm coupled with a structural dynamics solver, the 

complete aeroelastic response of the structure can be predicted. However, the major limitation in 

applying such a CFD solution is the computational time required to run a full aeroelastic 

simulation due to the high dimensionality of even the simplest geometry, Cowan et al, 2001.  

   A three degree-of-freedom aeroelastic airfoil section with control surface free play were 

modeled theoretically as a system of piecewise linear state-space models. They were investigated 

by Conner et al., 1997and  Liu et al., 2001. The wing flutter calculated by integrated 

computational  fluid dynamics (CFD) and computational structural dynamics (CSD) method. 

The coupled CFD–CSD method simulates the aeroelastic system directly on the time domain to 

determine the stability of the aeroelastic system. Computational fluid dynamics (CFD) solver 

technique for modeling unsteady aerodynamic forces used in time-domain aeroelastic analysis. 

The system identification as was predicted by Cowan et al., 2001. Tricky, 2002. It could 

accurately model the unsteady aerodynamic forces for complex aerospace structures of practical 

interest. They presented the effects of a free play structural nonlinearity on an aeroelastic in the 

three-degree-of-freedom airfoil model. Dowell et al., 2003 analyzed the effective of leading and 

trialing edges control surfaces on the airfoil. He used a simple control strategy, then  used a 

combination of leading-and trailing-edge control surface rotations to maintain lift and roll 

effectiveness and to minimize control surface rotations. Le Maître et al., 2003, investigated 

numerically the aeroelastic flutter derivative of a two-dimensional airfoil by means of Navier–

Stokes simulation solver employed influence matrix techniques to determine the exact boundary 

conditions and a conformal mapping of the physical space.  Ardelean et al., 2006, designed a 

new piezoelectric actuator which meets the requirements for trailing edge flap actuation in both 

stroke and force to study the aeroelastic control of wings with trailing-edge control surfaces. 

Wind tunnel experiments showed that air flow has a little influence on flap deflection, suggesting 

good actuation authority. Marqui et al., 2006, investigated the flutter parameters for two-

degree-of-freedom flexible mounting rigid wings tests with in wind tunnel. The plunging and 

pitching flutter obtained with this experimental system was described as the combination of 

structural bending and torsion vibration modes. Marques and Azevedo, 2007, used the unsteady 

computational fluid dynamics tool to calculate the aerodynamic operator for aeroelastic analysis 

of lifting surfaces in the transonic regime. The flow problem was modeled by the two-

dimensional Euler equations using the finite volume method applied in an unstructured grid 

context. The state-dependent Riccati equation method was derived for aeroelastic response and 

flutter suppression with control surface free play and Theodorsen theory for aerodynamics of 
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airfoil section with trialing edge flap were studies by Li et al., 2010. Ghommem et al., 2012, 

studied the response of aeroelastic system consisting of a plunging and pitching rigid airfoil, 

supported by nonlinear translational and torsional springs, used a three-dimensional code based 

on the unsteady vortex lattice method to predict the unsteady aerodynamic loads for coupled 

model of the wing flow interaction. Vasconcellos et al., 2012, used a different representations 

(discontinuous, polynomial and hyperbolic tangent) for control surface freeplay nonlinearity in a 

three degree of freedom aeroelastic system. Abdelkefi et al., 2013, investigated analytically and 

experimentally the dynamics of an aeroelastic system consisting of two degrees of freedom 

airfoil section supported by a linear spring in the plunge degree of freedom and a nonlinear 

spring in the pitch degree of freedom and  as well the aerodynamic loads was represented by the 

quasi-steady and an unsteady formulations. Saxena  and Agrawal, 2013 used FLUENT software 

to study the  flow separation over airfoil at different angle of attacks.  Kim and Chang, 2014, 

studied the effect of a low Reynolds number on the aerodynamic characteristics of a pitching 

NACA0012 airfoil. The result showed that the phase angle, at which boundary-layer events 

occurred, was in an inverse proportion to the increase in Reynolds number. 

  The goals of the present work can be summarized as follow: 

(a)-  A CFD tool is applied with structured two-dimensional meshes around airfoil with control 

surface to obtain the aerodynamic characteristics at different freestream speed, angles of attack 

and flap angles. 

(b) Predict the flutter speed of the three degrees-of-freedom airfoil section with trialing edge 

flap. 

(c) Investigate the aeroelastic response of plunging, pitching and flap pitching for the airfoil with 

control surface at freestream speed under, equal and above flutter speeds. The aerodynamic loads 

are approximated using the Duhamel formulation.   

  The validity of flutter speed prediction and aeroelastic response are determined through 

comparison with the experiments of Conner et al., 1997. Good agreement was determined. 

 

2. COMPUTATIONAL FLUID DYNAMICS (CFD) 

     Computational fluid dynamics is a subject that has played an extremely important role in 

recent studies of aerodynamics. The possibility of numerically treating a broad range of 

phenomena which occur in flows over bodies of practically any geometry has numerous 

advantages over experimental determinations, such as greater flexibility together with time and 

financial resource savings. However, obtaining more reliable numerical results for a growing 

number of situations has been one of the major recent challenges in many science fields 

Marques and Azevedo, 2007. The simulation of the flow was carried out by running ANSYS 

FLUENT software which based on the solution of the Navier-Stokes equations using the finite-

volume method under the same value of the response of airfoil for Angle Of Attack (AOA) and 

flap pitching angles. 

The grid generator ANSYS FLUENT CFD is used to mesh the domain. Fig.1 presents the airfoil 

element domain. To increase the grid points at the surface of the wall, skewed mesh should be 

avoided.   

 

3. AEROELASTIC MODEL  

   The aeroelastic system modeled of three degrees-of-freedom, two dimension NACA 0012 

wing section, constrained to move with degrees of freedom, namely the plunge (h), pitch (α), and 

control surface angle (β) motions, as shown in Fig. 2.  The elastic axis is located at distance ab 
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(3) 

from the mid chord. The mass center of wing section is located at distance     from the elastic 

axis. Both distances are positive when measured towards the airfoil flap. The cb and     

distances are the distance from the hinge line of the flap and distance from the mass center of the 

flap to the mid chord respectively.  
 

The non-dimensional aeroelastic equation of motion for the airfoil with trailing edge control 

surface are given by Li et al., 2010. 
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The matrix of structural damping is created in this model according to Conner et al., 1997, the 

natural frequency    √    , where    is eigenvalue and the eigenvector matrix are obtained 

from the left-hand side structure components of equations (1-a, 1-b and 1-c). Then the system 

modal mass matrix             and the modal damping matrix      can be calculated as  
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Where               are the values at the diagonal entries of       and               are 

the measured damping ratios. The structure damping matrix can be determined as 

     (  )      ( )   .  

 

   The Theodorsen approach is used to model the unsteady aerodynamic force and moments 

            in incompressible flow were calculated and written as by Theodorsen, 1935. 
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Where the T functions are given in Appendix A 

  The aerodynamic force and moment in Eqs. (3)-(5) are dependent on reduced frequency k. so 

Eqs. (1-a) - (1-c) are restricted to simple harmonic oscillation.  Aerodynamics in Eq. (3)–(5) is 

dependent on Theodorsen’s function, C(k), where k is the non-dimensional reduced frequency of 

harmonic oscillation. So the aerodynamics is restricted to simple harmonic motion. In order to 

simulate arbitrary motion of the airfoil, the loading associated with Theodorsen’s function 

C(k)f(t) is replaced by the Duhamel formulation in the time domain and written as, Li et al., 

2010. 
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and  ( ) is Wagner function. In this work, convenient approximation of 

Sears is used as 
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the coefficient in equation (8) are                                          in order 

to simplify the Theodorsen function, rewrite the Duhamel integral using integration by parts , 
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And following the state space method proposed by Li et al., 2010. 
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Where   [                     and     [           
 .  

  In the state space form, this equation is written as 

  

 ̇   ( )                                                                                                                                             (  ) 

The solution Algorithm and definition of the matrices in Eqs. (11) and (12) are presented in 

Appendix B. 

4. RESULTS AND DISCUSSIONS 

4.1 Aerodynamic Results  
    Once the meshes are generated, the next step will be simulations. There were more than 70 

cases run in ANSYS/Fluent which different AOA from -6 to 6 degree with step 2 degrees as well 

as the same pitch angle differential with all AOA step and different freestream velocities. These 

simulations yielded solutions to the two dimensional flow fields around the airfoil with trailing 

edge flap. 

   The lift and drag forces at (4) degrees angle of attack (α) as well as various flap pitching angles 

(β) are analyzed with increasing velocity and it is cleared that lift force increases when velocity 

is increased as well decreasing of flap pitching angle as shown in Fig. 3- a and Fig. 3- b. These 

figures show that the drag forces were affected slightly with values of (β) while they increased 

with increasing the velocity. Pitching moments are greatly influenced with (β) as well increased 

with velocity as shown in Fig. 3-c which showed when (β     ) that the pitching moment was 

increased but decreased when velocity more than 15 m/s. 

   The simulations were run with limit of responses of varying angles of attack from (-6 to +6 

degree step 2) and flap angles from (-6 to +6 degree step 2) at velocity equals to (25 m/s) for the 

analytical calculated flutter. The AOA and flap angle variation play important role in the lift 

generation as well as the effect of drag and pitching moments. For maximization of the lift in the 

aircraft wings, the trialing edge flap angle should be down, while the AOA must be increasing as 

verified in Fig. 4-which shows increasing of lift force with decreasing the flap angle (down) 

while AOA increased. Fig. 4-b shows that the increasing of drag force was happened when the 

AOA was increased-decreased. Flap angles as well as the result observed that the increment of 

drag force with swing of airfoil more than variation of flap angle, nevertheless the behavior of 

the  ratio of lift-drag asymptotic to lift force demeanor as shown in Fig. 4-c. Finally Fig. 4-d 

illustrates the effect of AOA and flap angle changing to the pitching moment.  They were 

important factors were affecting to airfoil swing result, and that shows that the flap angle was 

significantly affected to the pitching moment. 

 

   Pressure contours at different velocities variations are shown in Fig. 5. It can be seen that the 

pressure increased when the freestream velocity increased with values of 5 to 30 step 5 m/s at 

zero flap angle and 4 degree AOA. At the same time, pressure contours around the airfoil also 

was varied. For maximization of the lift in the aircraft wings, the pressure should be low at the 

upper surface of the wings and high at the bottom surface of the wing. Fig. 6 shows the pressure 

distribution around the airfoils at zero flap angle, calculated flutter velocity and swing AOA 

up/down were zero value. Results show that the pressure on the lower surface of the airfoil is 

high and the pressure over the upper surface is low only at positive AOA and vice versa which 

produces inverse lift generation.  
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 Fig. 7 clarifies the dynamic pressure contour at flutter velocity, zero AOA and swing flap angle 

which affect to the pressure contour even at zero AOA and symmetric airfoil. The velocity 

distribution around airfoil was affected by the swing of AOA and flap angle. Fig. 8 displays the 

velocity contour at swing of AOA and flap angle. It is clear that the maximum velocity was 31 

m/s when AOA and flap angles at the same sign i.e. all up or down because it is a case of 

symmetry. On the other hand when the angles reverse, the maximum velocity was 34 m/s and 

this is asymmetry case.      

 

 4.2 Aeroelastic Response Results 

      The prediction of flutter speed was obtained by using the results of Eq.(11) where the flutter 

speed is the value of speed corresponding to the speed at zero real part of one or more 

eigenvalues which determined to be 25 m/s and compared with Conner et al 1997 which was 

(20.6 m/s experimentally and 23.9 m/s analytically).The parameters used in the mathematical 

models were taken from Conner et al 1997 and listed as follows: a = -0.5, b = 0.127 m, c = 0.5, 

s = 0.52 m,                                                            

                    ⁄                                    

          ⁄                                    . The variations of the real parts 

with wind speed are shown in Fig 9. Fig. 10 shows the comparison between present work and 

experimental Conner et al 1997  for the response of pitch angle at wind speed 6.75 m/s. 

 

    Using MATLAB with fourth order Runge-Kutta method has been used for numerical 

integration with a time step of (0.001) to solve the state-space Eq. (12). Time histories of plunge 

response were shown in Fig. 11. The response determined with wind speed  under, equal and 

above flutter speed. The limit cycle oscillation of plunge amplitude is similar to harmonic motion 

with speed under and equal flutter speed as well with above flutter speed but the peak value was  

irregulars peak value with the complete cycle. This may be due to the relatively high unstable 

values of the plunge displacement.  

Pitch angle response converges with time at velocity 20 m/s which less than flutter speed as 

shown in Fig. 12 which also shows the limit cycle oscillation continue at the same peak value (4 

degree) and this happens at flutter velocity because the damping is zero at this speed where the 

value of pitching angle reached to (7.4 degree) at 30 m/s wind speed. 

Fig. 13  presents the response of flap pitching angle at degree with time at velocity 20 m/s, 25 

m/s and 30 m/s it can be noted that the time histories was increased in the peak value and limit 

cycle oscillation to be irregulars at wind speed above flutter speed value. The rates versus 

displacement of plunge, pitching and flap pitching are shown in Figs. 14, 15 and 16 respectively 

at calculated flutter speed. It can be shown that the behavior and values are symmetry about 

stable zone which zero value as that the harmonically response which Theodorsen assumptions.  

5. CONCLUSION 
   The objective of this study is to investigate the aeroelastic modeling and flutter analysis of a 

three degrees-of-freedom airfoil section with trialing edge flap. The steady CFD solution was 

used to present the aerodynamic characteristics with different freestream speeds, AOA and flap 

angle, which showed that affect on the aerodynamic forces and moment especially flap angle 

factor as shown from the pressure distribution and velocity distribution diagrams.  Using a 

standard state-space approximation to Theodorsen aerodynamics for two-dimensional 

incompressible flow to the fourth order Runge-Kutta numerical integration of a piecewise linear 
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system to predict the aeroelastic response and flutter behavior which verified with previous 

experimental work. For experimental test of wing flutter response at velocity over flutter speed 

was difficult because the risk of model shattering, theoretical investigation discuss the limit cycle 

oscillation which irregulars response behavior at over flutter speed. The study compared this 

irregular response with harmonically time histories which obtained at velocity under and equal 

flutter speeds.  
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NOMENCLATURE 

 

AOA         angle of attack, degree  

a                non-dimensional distance from airfoil mid-chord to elastic axis 

b                airfoil semi-chord 

Pa               Pascal, N/   

s                 wing span, m 

C(k)           generalized Theodorsen function 

CPU          central processor unit    

c                non-dimensional distance from airfoil mid-chord to the control surface hinge line 

                  coefficients of Wagner’s function 

h                plunge displacement, m 

k                reduced frequency 

L                aerodynamic lift 

            aerodynamic moment of wing-aileron and of aileron 

m               mass of wing-aileron (per unit span(, kg/m 

                total mass of wing-aileron and support blocks (per unit span), kg/m 

                  radius of gyration of wing-aileron 

                 reduced radius of gyration of aileron 

t                 time, sec 

U               free stream velocity, m/s 

               vector of augmented variables 

                non-dimensional distance from airfoil elastic axis to center of mass 
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                non-dimensional distance from aileron hinge line to center of mass 

α                pitch angle about the elastic axis, degree 

β                aileron displacement about the hinge line, degree 

ρ                density of air,     ⁄  

                damping ratio 

                 time delay 

               uncoupled natural frequency, rad/s 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure1.  Airfoil domain mesh. 

 

Figure 2. Schematic of airfoil section with trialing edge flap. 
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(a)                                         (b)                                         (c) 

Figure 3. Variations of (a) the lift forces, (b) the drag forces and (c) the pitching 

moment as function of freestream velocity for various flap pitching angle (β). 

                                        (c)                                                         (d) 
Figure 4.  Effect of increasing –decreasing of angle of attack and flap angle to the 

               (a) lift force (b) drag force (c) lift/drag ratio and (d) pitching moment.  

 (a)                                                                 (b) 
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Figure 5. Contours of total pressure (Pa) around the airfoil at different free stream 

velocity, zero flap angle and 4 degree AOA. 
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Figure 6. Contours of total pressure (Pa) around the airfoil at different AOA, 

zero flap angle and 25 m/s air speed. 
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Figure 7. Dynamic pressure (Pa) around the airfoil at different flap angle, zero 

AOA and 25 m/s air speed. 
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  Figure 8. Velocity (m/s) distribution around the airfoil at fluttering profile for V=25. 

m/s 

Figure 9. Variations of the real parts with free stream speed. 

Plunge (h) 

Pitch (α) 

Flap pitch (β) 

   Figure 10.  Pitch time histories for the low frequency limit-cycle at U = 0.27 𝑈𝑓   

Presented work 
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Figure 11. Plunge time histories at different free stream. 

speed  

  Figure 12. Pitch time histories at different free stream. 

speed.  

Figure 13. Flap pitch time histories at different free stream. 

speed  
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Figure 14. Phase portraits of plunge at flutter speed. 

Figure 15. Phase portraits of pitch at flutter speed. 

Figure 16. Phase portraits of flap pitch at flutter speed. 
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 APPENDIX  A. Theodorsen Constant in Eqs. (3)-(5) 
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APPENDIX B. Definitions of Matrices in Eqs. (11)-( 12) 
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Structural and dynamic input 
𝑀𝑠    𝐵𝑠    𝐾𝑠 

U - freestream velocity 

Aerodynamic input 

𝑀𝑁𝐶  𝐵𝑁𝐶  𝐾𝑁𝐶  𝑅 𝑆  𝑆  𝑎𝑛𝑑 𝑆  

State space matrix [A] 

Aeroelastic equation (11) 

Free vibration parameters 
𝜔𝑗 𝜍𝑗  𝑤 𝑒𝑟𝑒 𝑗  𝛼 𝛽 𝑎𝑛𝑑   

Eigen value  𝐴   
(𝑅𝑒𝑎𝑙 𝑝𝑎𝑟𝑡)𝑖    

End 

𝑈
𝑖+

 
 
𝑈
𝑖
 
Δ
𝑈

 

    Solution Algorithm to find flutter speed  
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