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ABSTRACT

Water flowing through hollow fiber membrane comprises two types of flow each having its
own hydraulic characteristics. The first is the flow inside the fiber channel, and the second is the
flow through the fiber porous wall. Water flow through hollow fiber membrane, HFM, is unsteady
nonuniform flow due to the accumulation of rejected material on the fiber surface causing a change
in the hydraulic resistance along the fiber length with time. Under these conditions, a mathematical
model was developed to simulate water flow through hollow fiber membrane based upon the
equations governing the flow inside the fiber channel and through the fiber wall, equations
governing conditions imposed by flow boundaries, and implicit finite difference technique for
solving partial differential equations. The model was verified by using published laboratory
experimental data. A very good agreement was obtained between the measured and predicted
flowrate values under the same conditions.

The mathematical model was applied to three types of commercially available fiber modules
to investigate variation of flux, the transmembrane pressure, the thickness of the rejected materials
along the fiber length, the flowrate, and the effect of the pot length on the fiber hydraulic
performance. It was found there is considerable variation in the hydraulic performance of the three
types of fiber. Therefore, the mathematical model provides a tool to work on finding the optimal
design of the hollow fiber membrane.
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INTRODUCTION

Membranes technology represents an important new set of processes for drinking water
treatment. Hollow fiber membrane modules become one of the most popular membrane modules
used in industry and water treatment. Hollow fiber membrane modules are used in a variety of
membrane filtration processes. They typically consist of many fibers arranged in parallel as a
bundle in a shell tube and sealed with potting material at each end. Filtration can occur from the
outside of the fiber to the inside, or vice versa. Filtration in membrane processes occurs as a result
of driving force acting on the feed water.

Water flowing through hollow fiber membrane comprises two types of flow each having its
own hydraulic characteristics. The first is the flow inside the fiber channel, and the second is the
flow through the fiber wall.

The main objectives of this paper are to develop and verify a mathematical model to simulate
the unsteady flow through the hollow fiber membrane module, based on the equations governing
the flow inside the fiber channel, and Darcy’s formula, which is governing the flow through the
fiber wall, and to examine the hydraulic performance of some existing hollow fiber membrane
modules.

MATHEMATICAL MODEL

The mathematical simulation of unsteady flow through the hollow fiber membrane during
actual operation was developed based on the equations governing the flow through the fiber wall
and the fiber channel as described in the following sections.

Equations Governing Flow inside Hollow Fiber Membrane Channel
Flow of water inside hollow fiber membrane channel may be classified as one dimensional

unsteady nonuniform flow. Fig. 1 is a schematic longitudinal section along a flow segment through
hollow fiber membrane.

-
Fig. 1. A schematic longitudinal section along a fiber segment.

The equations governing such a flow are obtained by applying two physical principles,
namely conservation of mass and conservation of momentum, to the flow segment. The resulting
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equations are two quasi-linear partial differential equations. The derivation of these equations can
be found in reference such as,Chaudhary,1986 .These equations can be written as:
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In which

H = piezometric head, (L),

Q = flowrate, (L/T),

a = speed of the pressure wave, (L/T),

A= cross sectional area of fiber channel, (L?),

x = horizontal distance along fiber, (L),

t=time, (T),

a = angle of the fiber inclination with the horizontal coordinate,
aw= flux, lateral inflow rate per unit length of fiber, (L%T/L),
f = friction factor, (dimensionless),

id = inner diameter of the fiber, (L), and

g = gravitational acceleration, (L/T?).

In egs. (1) and (2), there are two independent variables, x and t, three dependent variables,
Q, H and gy Other variables, A and id, are characteristics of the fiber system and are time-
invariant.  Friction factor is assumed to vary with the Reynolds number, Re, and is evaluated
depending upon the flow type. The pressure wave speed in fiber is calculated according to fiber and
water properties. Assuming no gas bubbles or fluid vapor appear, the wave speed is considered not
to change during the unsteady state.

Equations Governing Flow through Fiber Wall and Rejected M aterial Layer
The flow of water through the fiber wall is a one dimensional unsteady flow. Darcy's law
can be used to estimate the flowrate through the fiber wall and the rejected materia layer. The
following smplified assumptions are usualy made in the model:
1. The medium forming the fiber wall is symmetric, i.e., it has a constant hydraulic conductivity,
2. The average size of the particle accumulation on the outer fiber surface is larger than the pore
size of the fiber, i.e., the membrane hydraulic conductivity does not change with time,
3. The regected material layer is incompressible; the porosity and hydraulic conductivity are
independent of the applied feed pressure,
4. The rgjected material layer is homogenous and has same hydraulic conductivity along the length
of the fiber,
5. Thergected material layer is uniform porous structure, and
6. The applied feed pressure is constant along the fiber and does not change with time.
The flow of water through a fiber segment of a unit length is governed by Darcy’s Law and can
be written in polar coordinate system as, Al Zubaidy, 2007:
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Kw= hydraulic conductivity of the fiber wall, (L/T),
TMP= Transmembrane pressure head, (Ho-H), (L),
H= the head inside the fiber channel, (L),

Ho= the head outside the fiber, the applied head, (L),
ro= the fiber outer radius, (L), and

ri= the fiber inner radius, (L).

The hydraulic conductivity, K, is a measure of the ability of water to flow through a fiber
wall. It depends on the fluid and the fiber properties. During actua filtration process, the rejected
meaterials starts to accumulate on the fiber wall and over al K, starts to vary with time. Fig. (2)
shows a schematic cross section through a fiber wall and the rejected material layer; an equivalent
layer can be substituted for the fiber wall and the rejected material layer. The radial flowrate is the
same for the fiber wall and rejected material layer, the total TMP is equal to the sum of TMP of the

fiber wall and the rejected material layer, that is.

TMPgivaient layer = TMPiper wail + TMPrgiected material layer

Fiber Wall

Rejected Material Layer

Fig. (2). A schematic cross section through afiber wall and rejected material layer.

Substituting an expression for TMP from eqg. (3), eq. (4) may be written as:

awin(™)  guin(®) gy In()
ri ri ro
= +
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In which

ro: = the rejected material layer outer radius, (L),

K¢ = the rgected material hydraulic conductivity, (L/T), and
Keg= equivalent hydraulic conductivity, (L/T).

Rearranging eg. (5), an expression for an equivalent hydraulic conductivity may be written as:

(4)

(5)
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Eq. (3) may be written now as:
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The TMP in the above equation refers to the equivalent TMP of the rejected materials and
the fiber wall.

The rejected material layer outer radius is changing during the filtration process as the
rejected materials accumulated on the fiber surface. The variation of the rejected material layer
outer radius is mainly affected by particle concentration in the raw water, C, rejected material
density, pc, flux, and the filtration time increment, At. An expression for obtaining the new outer
radius of the rejected material layer after At of filtration was derived and is given by the expression:

ro" = J r® + &2 (8)
prg

SOLUTION PROCEDURE

The eguations governing the unsteady flow state conditions in a hollow fiber membrane,
egs. (1) and (2), are two quasi-linear, hyperbolic, partia differential equations. The numerical
smulation of the equations of unsteady flow described as follows. consder a nonuniform
rectangular grid on the x-t plane as shown in Fig. (3). The distances along the fiber are represented
by abscissas and ordinates represent times. Each point is identified by a subscript i which
designates the x-position and a superscript j for the timeline. The t-axis, were x=0, may be used as
the uestream fiber boundary location, and the last line drawn parallel to the t-axis, to be designated
the N line, can be used to represent the downstream boundary location.

t h

t+dt

y ij+1 ° i+1,j+1

Upstream Boundary
Downstream Boundary

-

i 1,

!

X x+dx

X

Fig. (3). Network of points on x, t-plane.

The space and time derivatives of a function F(x, t) in the intervals i, i+1 and j, j+1 can be
expressed as:
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In addition, the value of F(x, t) can be approximated by:
G i R RO GEL ) (11)

2

The weighing factor o is given a value between 0.5 and 1.0. A value 6=0.5 is known as the
"box" scheme, which is used in this study, while 6=1 is the fully implicit scheme.
Applying the approximation concepts given by egs. (9) to (11) to the derivative and non-
derivative terms in the unsteady flow, egs. (1) and (2), the finite difference formulations of the
continuity, Ci, and momentum, Mi, equations for node i becomes
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Fig. (4) shows a schematic diagram of a fiber membrane insulted in an actua fiber
module. The pot distance, Ly IS required to seal the fibers by using a special sealant so that all the
flowrate of the module will be through the fiber wall and through the fiber channels along the
effective length of the fiber, L. The fiber has two outlets at both ends, which means the flow of
the fiber membrane module is symmetrical. Therefore, the flowrate calculations will be carried out
on one half and for the whole flow for the fiber is twice the calculated. In this paper, the
appropriate length for use in the model is half of the effective length that is L. The length, L is
divided into n-1 segments each has a length of Ax. Usually, the node numbering starts from the
upstream end down to the downstream end, e.g., node number 1 and number n refer to the nodes at
the upstream and downstream, respectively. Node number 1 is at the half of the effective length of
the fiber, node number nis at the open end.

Inegs. (12) and (13) all the terms associated with the j™ time line are known either from the
initial conditions or from previous computations. This system of nonlinear equations cannot be
solved directly since these four unknowns, H and Q at pointsi and i+1 on the j+1 time line, and
only two equations. However, if smilar equations are formed for each of the n-1 segments
between upstream and downstream boundaries, a total of 2N-2 equations with 2N unknowns are
obtained. Two auxiliary equations are needed to make the number of equations equal to the number
of unknowns which is obtained by the upstream and downstream boundary conditions. The
systems of nonlinear equations are solved by Newton-Raphson's iterative method.

Lineof Symmetry

[T T4 1]
nodenumber =1 2 3 4 n-1n

L
x=0 XEL
Upstream Down stream
~ Lpot Ltotal Lpot "

Fig. (4). A schematic diagram of a fiber membrane.

At the upstream boundary, x=0, the flowrate is equal to zero. At the downstream boundary,
x=L, the pressure is constant and is equal to atmospheric pressure. When considering the pot as a
part of the fiber, the equations governing the flow conditions through the pot channel are similar to
the equations governing the flow through the fiber length except the last terms of egs. (1) and (2),
representing the effects of lateral flow, are ignored.

In order to start the computations of flow, initial flow conditions are required. The initial
conditions can be obtained from computation of previous modeling process or it may be assumed
arbitrarily then adjusted by operation of unsteady state model with pure water. The solution will
converge rapidly, after few iterations in the first and second time steps and the correct results are
produced regardless of the values of the assumed initial conditions.

MATHEMATICAL MODEL VERIFICATION

The developed mathematical model was calibrated and verified by using published
laboratory experimental data to check the performance of the model and the validity of the
assumptions made. Laboratory experiments, presented by Al-Zubaidy, 2007, were selected for
verification, and were carried out on polypropylene, with inner and outer diameters of 0.39mm and
0.65mm, respectively. The fibers were divided into four sets each set consists of ten fibers. The
flowrate, under a constant head of 2m, of each set was measured with its initial length, and then the
flowrate is measured each once after reducing the length of the fibers.
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The data of the first set were used for calibrating the hydraulic conductivity of the
membrane with its initial length. 1t was found that the hydraulic conductivity coefficient of the
measuring sets is equal to 4.64* 10" °nvVsec and it gives a minimum sum of sgquares of relative errors
between predicted and measured flowrate.

For purpose of mathematical model operation, a distance increment of 1cm, weighing factor,
0, of 0.55, and a calculation tolerance limit of 0.0001 for both head and flowrate were used during
the runs. The mathematical model was used then to predict the flowrate values of the fibers sets by
just changing the fibers length. Fig. (5) shows a comparison between measured and mathematical
model predicted flowrate values for different lengths. A good agreement between the measured and
predicted flowrates values can be seen with a correlation coefficient value of 0.99.

20

—e— Predicted flowrate

18 W Measured flowrate, set no.(1,2)
= Measured flowrate, set no. (3,4)
16 B
14 -
12

10

Flowrate(ml/min)

1 1 1 1 1 1 1
10 15 20 25 30 35 40 45 50
Fiber length(cm)

Fig. (5). Comparison between measured and predicted flowrate of fibers with different lengths.

APPLICATION OF THE UNSTEADY FLOW MATHEMATICAL MODEL

The developed mathematical model being calibrated and verified was used to study the
hydraulic performance of the hollow fiber membrane. It was applied to investigate the hydraulic
performance of three selected existing commercia hollow fiber membrane modules having
different specifications under the conditions: the hollow fiber membrane is horizontal, the applied
head is 2m, and the hydraulic performance was studied in half of the effective length of the fiber.

Fouling analysis was performed assuming the water to be treated containing 0.25mg/l of
clay. The hydraulic conductivity coefficient of the clay is 10®m/sec and the specific gravity of the
clay is 1.49, Singh and Punmia, 1970.

First Hollow Fiber M embrane Module
The specifications of the first type hollow fiber membrane modules that were hydraulically
analyzed using the developed mathematical model are listed in Table (1).

Table (1). Specifications of the third hollow fiber membrane module.

Parameter Value
Fiber inner diameter, mm. 0.25
Fiber outer diameter, mm. 0.55
Number of fibers per module. 20 000
Effective fiber length, cm. 97
Pot length, cm. 10
Hydraulic conductivity coefficient of membrane, m/sec. | 2.32*10°
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Figs. (6) through (10) show the variation of the flux, transmembrane pressure head,
thickness of rejected materia layer along the fiber length with time, total fiber flowrate, and the
effect of the pot on the ends of the fiber on the total flowrate.. Initidly, the flux is nonuniform
distributed along the fiber; the flux is very high near the exit end of the fiber. The flux drops by
99.8% between the two ends of the fiber as a result of the TMP reduction due to high head loss
through the fiber’s channel. About 80% of the total flowrate is within the 1% 10cm. The
nonuniform flux distribution aong the fiber leads to a nonuniform distribution of the rejected
meaterial aong the fiber. A great reduction in the flux accured within the 8hrs of filtration, at the
exit the flux is reduced to 33% of itsinitial value. The total fiber flowrate is reduced about 50% of
itsinitial flowrate after 24hr of filtration. The flowrate tends to be high during the initial time, after
severa hours, it declines off drameatically, the flowrate at open end decline, which was defined as
(initial flowrate— final flowrate)/ initial flowrate, is about 38.4% during the first eight hours. Then
the flowrate at open end continues to decline, but at a much dower rate, the flowrate at open end
declines to 8.6%, and 5% for the second, and last eight hours, respectively. It was found when
using a pot at the end of the hollow fiber membrane; the flowrate at open end is reduced because of
a very high head loss through the pot length but difference decreases with the time as the flowrate
decreases. Initially the decrease is 58%, dropping to 43.2%, 41%, and 39.8% at t=8, 16, 24hrs,
respectively.

40
-e- t=0
35 —m- t=8hr
—— t=16 hr
30 [ —A— t=24hr
25
€
§ 20F
"E
® 15
Q
X
T 10F
5}
o -
5 L L L I L L I L L L I
o 4 8 12 16 20 24 28 32 36 40 a4 48

Distance(cm)

Fig. (6). Flux variation along the fiber with time of the first fiber module,
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Fig. (7). Variation of TMP along the fiber with time of the first fiber module.
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Fig. (8). Variation of the rejected material along the fiber with time of the first fiber module.
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Fig. (9). Variation of the total flowrate with time of the first fiber module.
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Fig. (10). Effect of pot on the variation of flowrate with time of the first fiber module.

Second Hollow Fiber M embrane Module
The hollow fiber membrane module specifications are listed in Table (2).

Table (2). Specifications of the second hollow fiber membrane module.

Parameter value
Fiber inner diameter, mm. 0.39
Fiber outer diameter, mm. 0.65
Number of fibers per module. 20 000
Effective fiber length, cm. 100
Pot length, cm. 3.5
Hydraulic conductivity coefficient of membrane, mvsec. |4.64* 10”

Fig.s (11) through (15) show the variation of the flux, transmembrane pressure head,
thickness of rejected materia layer along the fiber length with time, total fiber flowrate, and the
effect of the pot on the ends of the fiber on the total flowrate. Initialy, flux follow the same trend of
the first type of fiber but the flux drops by 61.5% between the ends of the fiber with less head losses
due to the inner diameter is larger then the first type of fibers.  The flux drop along the fiber is
48.6% of the t=8hr, dropping to 44.4%, 42.1% for 16 and 24 hrs respectively. The variation of
flowrate decline during the first eight hours is about 15.8% down to 7.4% and 4.9% for the second,
and last eight hours, respectively. It was found that the flowrate at open end is reduced through the
pot length but this decrease change with the time. Initially the decrease is 9.3, dropping to 7.2, 6.6,
and 6.2 at t=8, 16, 24 hrs, respectively.
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. (11). Flux variation along the fiber with time of second fiber module
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Fig. (12). Variation of TMP along the fiber with time of the second fiber module.
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Fig. (13). Variation of the rejected material along the fiber with time of the first fiber module.
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Fig. (14). Variation of the total flowrate with time of the second fiber module.
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Fig. (15). Effect of pot on the variation of flowrate with time of the second fiber module.

Third Hollow Fiber Membrane Module
The third hollow fiber membrane module specifications are listed in Table (3).

Table (3). Specifications of the third hollow fiber membrane module.

Parameter value
Fiber inner diameter, mm. 0.8
Fiber outer diameter, mm. 1.20
Effective fiber length, cm. 144.75
Pot length, cm. 4
Membrane hydraulic conductivity coefficient, m/sec. | 2.57*10”

Fig.s (16) through (20) show the variation of the flux, transmembrane pressure head,
thickness of rejected materia layer along the fiber length with time, total fiber flowrate, and the
effect of the pot on the ends of the fiber on the total flowrate. The flow follows the same trend of
the first and second types of fibers with dight differences reflecting the influence of the large inner
diameter of the fiber that reduces the head losses through the fiber channel. Initialy, the flux drop
is just 9.7% along the fiber, and dropping to 8.4%, 7.7%, and 7.2% after 8, 16, and 24 hrs,
respectively. The flowrate decline during the first eight hours is about 7.4%, dropping to 5.2%,
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and 4% for the second and last eight hours, respectively. The total flowrate is reduced when using
the pot, the Initial decrease is 1%, dropping to 0.93, 0.9, and 0.8 at t=8, 16, 24 hrs, respectively.

8.2 T T
—-&-t=0
—- t=8 hr
—A— t=16 hr
78 —et=24ahr .
€
&
" ;
Q
P
@ -
0O 4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64 68 72
Distance(cm)
Fig. (16). Flux variation along the fiber with time of third fiber module
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Fig. (17). Variation of TMP along the fiber with time of the third fiber module
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Fig. (18). Variation of the rejected material along the fiber with time of the third fiber module.



Number 3 Volume 14 September 2008 Jour nal of Engineering

3.35

3.25 -
3.15
3.05

2.95

Flowrate at open end (ml/min)

2.85

2.75

2.65 [ 1 1 1 1 1 1 1 1 1
[0} 144 288 432 576 720 864 1008 1152 1296 1440

Time(min)
Fig. (19). Variation of the total flowrate with time of the third fiber module.
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Fig. (20). Effect of pot on the variation of flowrate with time of the third fiber module.

CONCLUSIONS

1. The flow through the hollow fiber membrane under the condition of unsteady flow could be
smulated mathematically by applying the equations governing the flow inside the fiber channel,
and the fiber wall and equations governing the flow conditions at the boundaries. A very good
agreement was found between the laboratory and predicted data under the same conditions.

2. Thereis a great difference in hydraulic performance of the commercially available hollow fiber
membrane and each has its design criteria

3. The flux is initidly nonuniformly distributed along fibers due to the nonuniform distribution of
the transmembrane pressure; this fact leads to a nonuniform distribution of the rejected material
along the fiber. this nonuniformity increases as the inner fiber diameter decreases.

4. The pot has an effect of reduction the total flowrate. This effect increases as the inner fiber
diameter decreases.
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5. The thickness of the rejected material on the surface of large inner fiber diameter is of a less
thickness than that of small inner diameter for the same amount filtrated water volume, which
leads to less flow resistance.

RECOMMENDATIONS

The following recommendations were found to provide a guide for further studies:

1. Study the effect of variation of the applied head with the time under normal operation
conditions.

2. Study the optimal design criteria for the hollow fiber membrane.
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LIST OF SYMBOLS

a= inclined fiber with the horizontal coordinate.

pc= particle density, (M/L3).

O= Weight factor for variation with respect to t-axis.
At= the increment of the time, (T).

Ax= the increment of the distance, (L).

A= cross sectional area of fiber channel, (L?).

a= speed of the pressure wave, (L/T).

A,= flow sectional area of the fiber wall, (L?).

C= feed water concentration, (M/L3).

Ci= Function identifying equation of continuity.

f= friction factor, (dimensionless).

g= gravitational acceleration, (L/T?).

H= piezometric head, (L).

i = A subscript refers to distance segment sequence; a subscript refers to node number.
id= inner diameter of the fiber, (L).

iw=hydraulic gradient through the fiber wall, (L/L).

j= A superscript refers to time segment sequence.

K= The variable of finite difference expressions conveyance.
Kc= the rejected material hydraulic conductivity, (L/T).
Keg= equivalent hydraulic conductivity, (L/T).

Ki= bulk modulus of elasticity of fluid, (M/L.T?).

Kw= hydraulic conductivity of the fiber wall, (L/T).

L= Half of the effective length fiber, (L).

L pot= The pot distance, (L).

Ltotal= The effective length of fiber, (L).

Mi= Function identifying equation of momentum.

N= Subscript identifying downstream boundary.

Q= flowrate, (L3T).
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gw= flux (latera inflow rate per unit length of fiber, volumetric flowrate through the fiber wall per
unit of fiber length), (L*L.T).

Qu= volumetric flux through the fiber wall, (L*/T).

r=thefiber radius, (L).

ri= the fiber inner radius, (L).

ro= thefiber outer radius, (L).

ro= the rejected material layer outer radius, (L).

t=time, (T).

th=wall thickness, (L).

TMP= Transmembrane pressure head, (Ho-H), (L).

x= horizontal distance along fiber, (L).




