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ABSTRAC

An investigation has been made inte the effect of restdual siresses on the vibration, charactenstics
of thin rectangular plates clastically restmimed agains) rotztion along three edges and tree on the
fourth edge .General frequency eguation with and without including the effect of residual stresses
has been oblained, Exact [reguency expressions including the elTect of residual stresses for the
cases: §-5-5-F,5-5-C-F.C-C-5-F.C-5-5-F. C-5-C-F.C-C-C-F were alse obtained. The effect of the
position of welding along the width of the plaic for all cases was also included. Actual plate models
were testea”and the results were compared with the theoretical predictions giving pood agreement.
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INTRODUCTION

fatigue life, Residual siresses are induced o each stage of the e cvele in most engineering
components, ffom orginal malerial production 1o Gnal disposal. Residual stresses are created by
welding, forging, casting. relling, machinieg. surface tecwtment ad he trcatmeent. Reside!
stresses are important in distortion, corrosion resistance, dimensional stability and brittle fracture,
Compressive stress increases both fatigue strength and resislance o stress-corrosion cracking, but
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causes a decrcase in the buckling load. Tensile residual stresses may reduce the performance or
causc cither distortion or cracks. However, literature does not exhibil an analytical treatment of the
subject and the present paper presents an attempt in this direction,

Jubb el al, (1975), indicated that the boundary condition of the plate element is critical factors to
determmning the effect of the introduction of residual stresscs.

Porter Golf(1976) , described an expevimental and a theoretical study on the eflect of self
equilibrating stress system, nduced by manning o weld on the Tongitudinal centre-line on the torsion
and flexural modes of a rectangular plate with all edges free.

Laura el al,{1978), determined the fumdamental frequency of vibration of thin rectangular plates
with edges possessing different rotational DNexibility cocllicioms using 2 very simple pelynomial
expression which wlentically satisties the boundary conditions. |aura er al, studied the transverse
vibration ot a rectangular plate elastically restrained against rowation along three edges and free on
the fourth edge. The problem was solved by Rite dellection lunciion method which Is a simple
polvnomial.

Wi, et al(2001), presented a finite elementFE) simulation of the welding process yielding the
welding-induced residual stresses ina butt-welded plate

Bambach and Rasmussen, (2001), tested rectangular plute with @ simply support to three sides,
izaving the remaining {longiudinal) edge free. In many applications such plate elements exist as
flange outstands in thin-walled sections whose fabrication process involves welding and possibly
flame cutting. In order 10 accurately predics the behavior of un-stitfencd elements in this condition,
equivalent residual stress profiles must be induced 1 the plae specimens prior to testing,

Al-Ammri et al, (2001), presented u theorctival and experimental investigation to determine the
residual stresses for varioos isotropic (thindthick) plates combined with finite element calculation.
The technique of the hole drilling was extended and used o calcylae the residual stresses for thin
orthotropic {composile) plates,

Ad-Aanmr ,{_2-':.":]-] bostudied the effeer ol resiluwnl stovsses o e s i, sleess  gnd |_.;|,|_it1||_:||;
characteristics of thin rectangular plate with different boundary conditions, Theoretical method
based on the theory of bending of thin plates was used 1o ubtain the governing differential equation,
A general frequency equation including the effeet of residual stresses for plate elastically restrained
against rotation along three edges and free on the fourth edge, simply supported plates with edge
possessing different rotational flexibility cocfiicients al all cdges, and clamped ends were obtained.

THEORETICAL CONSIDERATIONS

The strain energy stored in a plate element Fizg (1) s the swn of the work done by the bending
moments, Myedy and Mdx and by the twisting monents Moy and Mydx | neglecting the work
done by sheanng forces and by any stretching of the middle plane of the plate.

The work dong by the bending moments is 172 x moment x angle between the sides of the element
after bending,

, & w i 3w,
In the xz planc the angle 15 - (<=} and in the vz plane —( — Jdv,
(i3 e
The negative sign oceurs because a sagzing downmwards cue
a5 x increases
The energy wtored due to bending (477} is therefore piven by

Hizre {positive) has o decreasing slope

; 1 Ao 8w
[ TR ¢ o
dif, 11__1.;1'I = M » EE—P.,—J.:.EW.H_L eq. (1)

The relative rotations of the element faces due to twist are
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Since Mydy and M,,dx are the Lwisting moments, and My~ -M,,  the —— dy
iy

same 2 mount of energy is stored by both couples. Then, wial energy due 10 twisting (@T7) iz given

by:
ATl i; vy ca. (2)

Substituting the expressions for the moments and adding (/L) und {dl7) 1w produce the total
energy stored in an clement (@07 , we gel

e
3 e & i =
dt’=lﬂ[[a— e u}[i- 2 -'—:| Vlaboaly eqld)
-'_']. I' L I'-

‘Fhe functicn is mmpnsc:d of the following elements.

E[[ﬂl E:—'.}: +,e.rq'—1,-L ‘TJ_I] (. ™ w-direction  bending  moments X rolation:

2 de* gy

1 i
E“E' + [E‘i '-:'5 b 1172 * y=direction bending moments X rolation !
A% I'

[{"—y}{ﬂ ly}’] 12 * twisting moments X rotation

Tiu: strain cncrgy stored in a complete plate is oblwined by integration of equation (3) over the
surl'm:ﬁ'

E.' w3 'H : Pw i o'w .,
= D[ W+ 2 -2l 3 o (I eq. (4)
ox LAY LR

If the maximum _melu. -::.&rb}-' of the element 15,
—lp."ﬂ.l 2 Ay (5)
5 . 4.
of the plate may be deduce) [rom the energy balapee: @ then the angular frequency

jdif ={dT eq.(6)

RESIDUAL STRESS DISTRIBUTION

It is assumed in the following analysis that any cross section X = constant, the plate is under
longitudinal Lumpmssiﬂn distributed uniformly 8 eross the breadth of the plate, with the
equilibrating tension concentrated on e line of weldingat {v - 1.

The component of maximum strain cnergy of the lement due 1o the mid-plane forees is:

z Lice gl gy gos

OIS =N {~) dedny =g 4 Ta}
00

The strain energy due to the forces may therefore be written as:

_.NI” jﬁ[m};’mafr—bj;qifaz - eq{7h)
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In this case ¥, is a negative constant, [P. Goll, 1976].
In the case of the mechanical svslem shown i='| Fig (2), eguation (6}, can he written as:

¥ 3
p 2 2 '*2'-..» {" w ﬁ‘ W QoW oA
& —n B “Ul-p—g— - Pty
r_r:.-'" ﬁ_, o I_:'\-“n___l_
1 K 6 i £ _1':!
EHIU r l:—:liﬂrl’{?:} HD t;_ T{i‘!']= Zf.ﬁr;—J{jEI‘}_!-{, '--:'Eﬂxﬁ_v

eq (%)

In general the form of w is nol known, However, if an assumed form, normally chosen to satisfy the
hﬁundar} conditions, 15 substituted i eguation (81 an approsinale (oo high) value of |;]1.;;; frequency
is obtained.

The goveming boundary conditions are given by:

wil y it =wix0.)=wla yv.i)=1 eq {Ya)
a? 'H."'
S 5 (2., ﬂ+ﬂ H )= [y < b) edy.(9h)
,'3 P

T (xp0+(2- e rw fA #ti=0  (y=h) eq.(9%)
Fw dw  aw

=D — %=(]
Pw { + h ﬂy } {(x=0) eq-(d)
o v
— = =i, [ .._+ atiivid ER
&% [ g 7 T o L
T & w g

e o ﬂ(——-ﬂe 2 i) eq.(91)

It 15 quite difficult to construct coondinate functions which satisfy identically conditions (9b) and
{2}, It 15 conveniem 1o replace them by:

& w
& (x,2,0 = 0{y=h) eq. (9b)
"-
re Yx, ¥y =40 (y=h) eq. (9¢)
The maximum strain and kinetic ensergics are given hv'
D gy ﬂEW 2 L BT 32w .o
U =2 L T SR T{RY S S A S VT
s 2 np  ax E dy 2 s E_:,-] cxay '
"‘i '
5:3 W ow R T 0w e
_{[‘[ﬂ |1 = f| IIJ R !._ L '.'.JI 5 ; [ o udx! + eq. (1
axt Bx dx= B =gy 3

I_"||.- 2z

1
:NI”{: i fa“j elxedy —.f:[ |——]
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T, = ;ﬂ:;;r:_ Ifn"‘-:bc{.{b' eq. {11)

When the plate executes normal modes of vibmition one takes:

Wiy UEwixy) Cos mgl eq. [12a)

In case of fundamental mode of vibration {1978}

Wi, W) E wlx ¥ = dytanx + oy dar’ vaa')

LA 1210
Byt By’ + B + o) o

Substituting expression (12} in equations (Y9ak, (9b), (9¢) and (9d) through (91) one cblains:

2 2b
iy = ka'ﬂ'.'l 3 -HI nk—:ﬁ;.

1
=6y . =
2 3k, +5k +kk, +12

@, = - . Bi=—=4
gt k(6+k,) Py 3
s A F Ak, vk k. +12 |
g = LTS s
a k(6 + k) ol

Whers
h
ko= fori=12 "and k,=
©. D b,

Use will now be made ol the "energy approach”
Replacing wix ) in equations {10 ) and (10} e obtams the following frequency equation.

4 4 3 8 phwla

PRt s Tt HIE 00 ¥kl SRl P it i 1) eq.13)
k TR N 0 1

Where

A=(Z—2i0R R, + 2R R, + BB, 1+ R
b4 1 36T 26

Rl ={_:' [__ ] I ¥ -]
a 3k 5k, a0s

, _ 3 +5k + hA, 12 L B

i & (6 +Ky) HiRe R GG+ 4y)

.'r1=-i Jm= ol
i

R.Jtd—z’ip|+]{|p:+43pl; T iy 4 Jrhi
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4 : i L& 16
= o s a7 +?p, Bp.pa+— po+—p
= '

=

+72p" =120p. p, +-2:_}'il-'rJ +48p,"]
. 2 :

. 24
&, = fb-}‘]_i-F 4- 36p, +32p, 4
- i K,
9
Sy = ‘xrxﬂliﬁ}z‘qﬂ[{g}zﬁ _*'-1-".-_' = l—NJT" ?':”-L+
i o] i k- K
3 =
{H4—4n5=—znﬁ i.'r:l?+-| .I'TE}I]
3 a9 g 36

3
;|

ik |

2 2 2 s Ry a, An
ool =+ Noat (= —E Y R - :
& oy k] 1-«.“_) R:Rﬁ[ l":I:I 1
&g TF r i
|:.H'.1 _ . it |".|'" ot 4 ”l{j‘l
3 9 o 3h

eq.(14)
For
r=0 S, =N u'RER,

: j [ By
r=h{2 So= N bR : — ll_ iy

' 3k T20k, oL
8 641 301
i

]

3k, A4Sk, 1620

r=h Sy = =N bR

2 :r, N
A e a |

&) 15
ma R, o413

For a square plate, b =a _ then the frequency equation | becones:

4 -+ 5 phoal
At —R =B - S £ aE 0 o
I‘; .ﬁ:] 'Iq!!' St | Lr ﬂ 150
41 ¥ 4
R =[- :'45? '—G]
Ak, A%k, 405

eq. ([6)
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24 T : dn, y:
S, = lki+4—31ﬁp. +32py - ik +12p, 120y --—*‘n rd8p, |
1 1 |
2 dn | "
S, mNya“R,[R -——{4.*13'——”4 =)
I + | P Iy )
k- /!
-
7 2 i
I:.l"rﬂr —i.rr” 4 --.r;'h ——.']T + —_rrﬂ}]
3 9 v 36
1 i R' '4?‘:: ] i :i'; ]
2 . 5 ;
Wi mmy b Mot Ry e L T R i B
d RE, kK 3 :
4 7 2 1
s R | +=n [ —Tr:l:'H
3 i
e (1Y)
For
r=10 s -'1"";”?‘1'3- 7,
1 167 1 20
r=hi2 5 ="'|'|:-I'JH.I:-—_,+— | |
’ ' e T
8 iad 1 A
r=b 5 = =N u — |
! HESJ:.: 45k, 1620
o A o B
e eq. [18)
ma” N,

If the value of rolalional stiffness is set o wero and infinity (a8 numerical values 10°* and 10
respectively , (1983% the simply supported and clamped boundury conditions can be obtained
respectively. By setting the totation stillness ia the range ol zero to iatinity n the edges, differem
boundary conditions could be obtained Generul closed-form solutions are given for vibration of a
rectangular plate with various elementary bousdary conditioms on cach of the four edges.

Simply Supported -Simply Supported-Simp by Supporied-Free (5-5-5-F) Plate

. A3 x i 3
m,,‘;[ﬁ A3 D Ne 5.870-153.580" 4 204.818n° ~119.4830° +

at  oeb m mal
34,1380 - 4.2670%)

eq], {19)

Mow, if N0 then

r TS5 4145 1)
. E———— - e, (20
af { at AR Jl'm 1. (20
If r=tk. then

- D7e%. Al45 Ly N
m, = i;,_ oo o e e (BRI eof. L2 1a)

a " atht T om oma’

T 3 |'||'r. %

@, =a,, RE A L e, {21h)
e

Ifr="b2. then
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i alh’ e
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@, =@, +— {2467 eq. (22h)
M i
I r=b, then
oy, 55 4145 D N,
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i a b et
: ¥ N
@, B +—(19.742) 2q. (23h)
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Simply Supported-Simply Supported-Clamped —Freeis-5.0 -1') Plate

i 9'-".5.‘3‘ T I:Jﬂ"_;'-' 1"’4 B fr N e o =
o= { - mom Y B BT - 15T SR Nk K] Her
& a’ ket h Mmoot

119.4835" 4 34.138n" — 42670
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Mow, [f N, = then
: _ 97.55 JT"{H}EF'-" 12436, 0
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E: 5 (= e TR TR ) eq. (26a)
&h? f i
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r 2133 ST00OT 12456 0O 0N, .
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L e
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T a |'"I-'I_ -
@, = (IR 565 eq. (285)
F
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it 5(5':"3-.‘3".? S0, -H ﬂ F 116952 55 ux it
i = = § — 37 Mo "' i
- at athim .--".'{.--' sl eq. (29)
PMow, iF M= then B0
: 393,59 s038 0
A Y= (30)
& a'h'm

If =), then'
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el. (3}

eq. (31h)
eq. (32n)

eq. (32b)
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Clamped-Simply Supported -Simply Supporied —bree {(C-5-5-F) Plate
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VALIDITY OF THE PRESENT S0OLUTION

Since the frequeney eyuations derived in this investigation are new and general, their validity bad to
be checked. The checking method will be hased on determining the chamcteristics for cases with
known analylical solutions such as those with elassical boundary conditions having no residual
stresses. As another check, the results are compared with those obtained by the FEM. An advantage
of using FEM simulation is that a complete picture of the residual stress fields is obtained.
Programnatic residual stress estimates and the study of their elleers were performed experimentally
as well as computatienally,

The circular frequency of the plate elasticaliy “ssirained against rotation along three edges and free
on the fourth edse. horizontally line heated at sny positian (1), Fig (1), is given ing rectangular plate
Egq.{13) square plate Fg(16)) s relation with that el plue withoul residual stresses, the circular
frequency is given in {reclangular plate Eq. 14, square plae £g417))

If the line heated is at positions (=0, b2, by the circular frequency 18 given in (rectangular plate
Eq{15) square plate Eq{13)}).

If Ny issel o zero in Bgd 13), same frequency equation given in Ref [1978], will be obtained.

If the dimensionless rotatiosal stiffoess K. ko und Ko, are tehen fom 10 to 107, all the boundary
conditions between the extremes of 5-8<8-F and C-C-C-F will be obtained. The dimensionless
frequency parameter of the first mode (A7) of stress lree vectanpular plate for five possible
combination: of the three elementary boundary conditions on the Jour edges of the plate are given in
Table {1). This wble shows a close apreemen. beiween the predicted results of this work and the
numerical results presented by B.DBlevins 19: 4,

NUMERICAL VERIFICATION

In this seetion a Mmle element model 15 developed o predicr the effects of residual stresses due to

one or more weld runs parallel o the plate wiloes. These elfects mclude the determination of:-

1-Equivalent Stress, Shear Stresses, Equivalent Strain and Total Delormation together with their
vanalion over the area ol the plate.

2= Yibration characteristics including natural bs quencies and naode shapes.

3-Fatigue characieristics including Life, Damuge. Salety Factor, Biaxiality indicstion and Fatigue
Sensilivily.

The 1endon [orce concept as suggested by Porter Gellg 1976), 35 used 1o induce an equivalent siress

pattern due (o the welds A madel of 3175 mm thick structioe steel plate measuring 571.5 mm by

285.75 mm with movement of welding parulle] to the x-axis was chosen 1o check the aceuracy of

the derived equations and to scc whether wel fing regidual <iresses induced do have a sigmbicant

effect on the stress, strain, vibration and faibgoe charactensues. he line of welding 1s chosen

parallel 10 the x-axis a1 (r-(hr—h2 & r—h) as an area, distribuied force.

Tahble (2), shows the results tor the [rsl natural freguency st different welding positions, calenlated

by the derived cqualtions in Lhis study and the caleulmed results using (FEM). These results

indicated that a significant decrease on the natieal Irequencices was noticed when welding was at the

free end (r=b) . The tiest three mode shapes, siresses steraing, delormation and fatigue characieristics

due 10 the effect of welding are shown in Fie {0 | tareueh Fie {3).

MEASUREMENT OF NATURAL FREOQUINCIES

Adloy stee] plates (600 x 300 x 5 mnt) were tested o find the first thiee natural frequencies before

and after stress induccment. Lhe heat treatmen process was performed on the entire experimental

models to get stress-free state. The models were put inte an oven at 0340 "C U Treatment time was 1

hr for each inch thickness and the medels it 1o erol inside e oven atter that time.

The residual stresses were nduced by s eldioe with the Dllowing chameleristies:

Constant welding speed (100Amp, 2208, 250 sis/mie).
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Measurement of natural frequencies was performed before and afier welding to find the shift in this
frequency due 1o induced residual stress in welded plate. Thiz shift is used to estimate the level of
residual stresses. The instruments used in natur] frequency and strain measurements, Fig (6), arc:-
|- Electromagnetic shaker type B&K 4811,

2- Sine generator type B&K, 1023,

- Accclerometer type B&K 4344,

4- Conditioning amplifier type B&K 4344,

5- Uscilloscope.

Fig (6) shows a block diagram for the instrumenis used in lesting in the present investigation. The
tested plate was excited by a shaker which was powered by o signal generstor producing a
sinusoidal wave signal in the frequeney vanee From 0 1o 20 kT l#, The syslem response was picked
up by a transducer whose output was fed through » conditioning amplifier (o a double beam cathode
ray oscilloscope. The theoretical and experimental results are shown in Tahle (3.

CONCLUSIONS

In this study the general energy method was employed for analyzing the vibration characteristics of

thin rectangular plate with and without including the ¢lTect of residual stresses .Com parisons were

made with published and finite element resulis. SuTieient resniss have hean obtained to suggest that
there is 2 general pattern of (he behavior,

From the observations of this study of the follow mg conclusions can be drawn,

1- The original contributions are the frequency cquations with and without including the effect of
residual stresses for a thin plate elastically restrained against rotation along three edges and free
on the fourth edge, 5-5-8-F , $-8-C-F | (C-C-5-F |, C-8-8-F . C-S-C.F . U-5-C-F _Also a general
equation relating the free vibration frequencies with thag including the effect of residual stresses
for all the cases listed before are given.

2- Residual stresses have & very significant influence on (e malural frequencies and fatigue
characteristics for the free boundary conditions compared with clamped boundaries. Thus, (he
boundary condition is an importast factor that influences the vibration, siress and [atigu
propertss,

3- The position of welding hias a significant effect on the vibratian and fatigue characteristics. This
effect increases when welding is at free eives and this offect decreases whes welding is at
clamped edge.,

4- Tensile residual stresses will increase the naturl frequency while compression residual stresses
will decrease the natural lrequency .

3- 'lhe increase of residual stresses and foading ratio will increase the damage The safely factor
decreases as the tendon force and loading ratie incresses. The residual stresses have a
significant effect on the fatigue prepertes. Zero based loaling ratios have less effsct than the
fully reversed on the fatigue chareteristics,

6- The use of rotational flexihitity houndaries enable different boundary conditions to be freated.

7- The methods presented in this paper provide exact techniaues for determining the effect of
residual stresses on the nalural treguencies which satisfy many boundary conditions

8- ‘The experimental results are within ateeplalie agreement with theoretical results.
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NOMENCLATURE
TS plate side lengths (mm}
D=E & /12(1-17) flexural rigidity( X mm}
E Young's Modulus of clasteiy N/ i
F tendon foree (N)
h plate thickncss {mm)
m* ph Density per unit fength (kgimm’)
M, bending moment on a plate element (M.mm)
My . My twisting moments (M)
n=rh Ratio of welding position along the y-axis to the width of the
plate
N, mid-plane frces per unit lengthN/mmn)
r Welding position aleng the y-axis (mm)
t limelsec)
T ' maximuwm kinetic energy of the clement
) strain enerey stored ina complete plie
L enerey stored due 1 bemling
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Fig.(1) Geometry and plane loading of rectangnlir plute with edye possessing diflerent
redational flexibilily coelhicient
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Fig {2} Firsl Three mode shapes of the Plate without Residual Stresses
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Fig (3), Vibration, Sivess and Fatigue Characieristics ( Welding at r=0)
131




e . THE EFFECT OF SELF -EQUILIBRATING STRESSES
‘:;dt‘:;"i:?:ﬁ;?'m"”“' ON THE NATURAL FREQUENCIES OF ELASTICALLY
i~ RES IAINED REC TANGULAR PLATE

Welding at r=h/2

PR [T R I-_ _— - - g

Loanou - l

Wikl

LR T s

I
O e K
LTS

b = I T=T=TLANR

L]

e o ST S T o e —— — -

L B
e L
AT T—-dll-#-i--h---------_--.-.n.-.a._..q..n._...‘....
1
3L men o T e P s mas 1o

T
Loimad brnm b e el i riis
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Welding at r=h -
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Fig (3), Vibration, Stress and Fatigue Characteristics of Three Clamped Edges Plate with Residual
Brresscs (Welding at r=h)
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Fig.(6) Instrumentation used in natural frequency and siraln measurements
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Fig. (7} block diagram for the testing elements
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Table (1) dimensionless frequency parameter Im.i'.';| 11 of a rectangular plate

.
Al —ﬂ,,'ar'{Lr-

.-'m_":."
I B3

A
010707 | 10.76
| [10.13] | [10.67| [11.68] | [13.71]
o | 1034 1119 [1292 |17.00
[10.19] | [109%] | [12.69] | [16.82]
2261|2293 |2353 | 2483
[22.54] | [22.86] | [23.46] | [24.78]
1569 | 1612 |1692 | 18.60
115.65] | [16.07] | [16.87] | [18.54] | 123.07]
15.79 | 1644 |17.80 2120 |33.70
[15.70] | [16:29] | [17.62] | [21. [33.58)
2269|2317 | 2419 2 37.73
122.58] | [23.02] | (24.02] | [26.73] | [37.66]

§ =Simply supported, C-Clamped, F-Free

Table (2) Analytical and FEM results at threz welding positions
I*rcs&*ut atudy FEM Results =

I—. BT Case. -|
' (hx=1210 Nam) (F=TH050MN

[ No welding 74,0214
T4.05
74.04

[ER A

_Free Siress Conditions
-~ Freguency (Hz)- ~Bead on plate Weldir
: T i = 4 Frequency (Hzy' "
B 4 e

L

Exael | FEM | Fxp. | Fxact. | FEM | Exp.

roumerical Hesalls,
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