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ABSTACT

Ihe effect of fiber orientation angle of composite materials on the gear tooth root stresses is
analytically investigated in order to select the required orientation of the fibers inside the gear tooth,
which leads to improve the gear tooth strength. The effect of geometrical parameters (Joaded or
intoaded pressure angles, number of teeth, radius of fillet and profile correction) and type of fibers
(eluss. praphite and boron) are also studied. A stress analysis using the finite element method is
performed for reinforced gear subject to bending loads. The results indicate that there is an effect of
the fiber orientation on the root stresses of the gear tooth, and also, there is a direct proportionality
between the improving of the gear strength with geometrical parameters.
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INTODUCTION

One of the primary causes of gear tooth failures is the presence of large tensile stresses in the root
tlicts ol loaded gear teeth, Ther: stresses tend to reduce overall gear life and can result in
catastrophic tooth failure under peak loading conditions. Therefore, many methods are investigated
(o improve the strength of gear teeth, one of these methods is to reinforce the gear teeth with fibers
as shown in Fig. (1),

Viany attempts have been made by earlier investigations to relate tensile fillet stresses observed in
statically fouded gear teeth to the geometric appearance of the tooth.
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| Wiltred Lewis, 1892] applied elementary beam theory to symmetrical tooth profiles by inscribing

A parabola to represent a beam of uniform strength. As a result of the uniform strength assumption

e Lewis lormula was unable to deal effectively with abrupt changes in tooth section that occur in

‘he toth fillet region. Furthermore, for teeth with high-pressure angles a redial component of load

exists that tends to modify the stress produced by the applied bending moment.

[Merritt, 1952] added a term to the Lewis formula that accounted for the redial component of load,

which was assumed te act along the vertical centerline of the symmetric tooth. At this point neither

the Lewis nor the Merritt formulas was able to take into account abrupt changes in tooth section and
neither was applicable 1o teeth with unbalanced pressure angle.

Dolan and Broghamer, 1942] studied the subject in depth and introduced a combined siress

correction and stress concentration factor to be used in conjunction with the Lewis stress formula.

This factor related the increase in observed fillet stress over the nominal bending stress to load

heieht. fitlel radius and pressure angle.

[Satoshi oda, 1986] investigated the tooth deflection and bending stresses at root fillet due to

concentrated load on a gear tooth of long tooth with various pressure angles using the finite

diiference method (FDM).

| Mohammad Q. Abdullah, 1994] studied the analysis of gear tooth stresses using finite element

lechnique. Result indicate that the unsymmetrical gear tooth with loaded side pressure angle 14.5°

und unloaded side pressure angle 20° or 25° is better than the symmetrical tooth of standards
pressure angles of 14.5° or 20° or 25° from the point of view of strength, dynamic loads and
cenerated noise.

Roro Ikegami and Kenji Kikushima, 1986] studied the effects of material constitutions on the

strength of fiber reinforced plastic gears. A method to reinforce gear teeth with glass or carbon

woving cloths along the tooth profile is proposed to improve the bending strength. A stress analysis
using the finite element method is performed for reinforced gears subjected to bending loads.

Various fiber systems are considered and strengths are estimated. From these results. the

strengthening effects are shown that fiber reinforcement is useful to improve the strength of plastic

oears.

Jhe main objective of this paper is to investigate the effect of fiber orientation angle of composite

mnaterials on the root stresses of the gear tooth, To achieve this work, the following steps will be

tollowed:

- Built up a finite element program for general orthotropic material to carryout the stress analysis
for plunc strain condition. The element used in the analysis is 8-node isoparametric element with
2-degrec, of freedom at each node. MSC/NASTRAN package will be used to check the validity
ol the program,

2o The cffect of pressure angle, number of teeth, fillet radius, positive profile correction, and the
tvpe ol fiber were investigated under static loading.

THEORITECAL ANALYSIS OF A LAMINA

toralamina in the (1-2) plane as shown in Fig. (2), a plane strain state is defined by setting
&y =0, 753 =0, r13="0 s kL

therelore. the strain stress relations for orthotropic material are [Robert M. Jones, 1975]:

] IS Sz 0 ] (o

. & ‘3 - ‘ j\l 2 .5‘22 O J’) R (2)

U 0 Sgs | 1712

For the case of transversely isotropic, the following material conditions can be employed
tplane 2-3 1s the plane of isotropity Fig, (2)):

L2755
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'he strain-stress relationq in Eq (2) can be inverted to obtain the stress-strain relations:
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STRESS-STRAIN RELATION FOR A LAMINA OF ARBITRARY ORIENTATION

Fathe previous section stresses and strains were defined in the principal material directions for an
srihotropie material. However, the principal directions of orthotropy often do not coincide with
coordinate directions that are geometrically nature to the solution of the problem, as shown in
Fig. (3). lhus a relation is needed between the stresses and strains in the principal material
direcuons and those in the body coordinates. Then, a method of transforming stress-strain relations
iram one coordinate system to another is also needed.

At this point, we recall from elementary mechanics of material the transformation equations for
CNpressing stresses in a x-y coordinate system In terms of stresses in a 1-2 coordinate system
{Rabert M. Jones, 1975],
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where O 1s the angle from the x-axis to the l-axis see Fig. (3)). Note especially that the
translormation has nothing to do with the material properties but is merely a rotation of stresses.
similarly. the stress-strain relations in x-y coordinates are:
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Ows =0y sin? 0 + 2(Q)5 +20¢4)sin? Bcos> 6 + Oy cos*

?i)sh =(0) |:“ O — 2Q66)Sir100053 0+(0); — 0y + 2Q66)Sin3 6 cosf . (8)
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where the bar over the QO i matrix denotes that we are dealing with the transformed reduced
stilfnesses instead of the reduced stiffnesses QU Note that the transformed reduced stiffness matrix

t/;; hus torms in all nine positions in contrast to the presence of zeros in the reduced in the reduced

i ness matrix Qf/“

STRENGTH ANALYSIS FOR AN ORTHOTROPIC LAMINA
Most exper mental determinations of the strength of a material are based on uniaxial stress state.
However. the general practical problem involves a biaxial and a triaxial state of stress. Thus. a

wowical method of using uniaxial strength information in the analysis of multiaxial loading problems
S required.
However. there are at least a hundred of failure criteria, which may be used to assess the composite
phv streneth under a multi-axial stress system. The best failure criteria are those. which correlate
with experimental values, the most commonly used are:
[- Maximum stress theory.
2- Maximum strain theory.

Usai-Till theory.

I sai-Wu tensor theory.

310



Number 2 Volume 11 June 2005 Journal of Engineering

5= HofllTman theory.

il theories, the material, although orthotropic, must be homogeneous. Thus, some of the
microsconic failure mechanisms inherently cannot be accounted for, At the same time. the strength
thearies tend to be smother than the actual behavior which often exhibits considerable data ‘scatter
due to testing technique, manufacturing nonuniformities, [Robert M. Jones, 1975].

However, our attention for the current work will be restricted to Hoffman theory because it is
vhviously of more general character than the other theories and also it takes into account the
dirferent of tension and compression failure strengths. The relation which describes this theory is

i
o o o e e % o0
e , 2 2 2 2, 40109
Fatilur Index = (-} ——Lops by 2 .~ 3 e e ]—5 +122 .. (9)
X, Ml % XYV, XX,
where:
o, normal stress in 1-direction.
73 transverse stress in 2-direction.
ry,  shearsiress in (1-2) plane.

And also.
A, {X,)  axial or longitudinal tensile (compressive) strength in
the 1-direction.
¥ s transverse tensile (compressive) strength in the
2- direction.
5 shear strength in the (1-2) plane.
And from this relation, the failure occurs when:
Failure Index (F.I) > 1

FORMULATION OF LOADING ANGLE “p”

I'he loading angle “B” of the normal applied force “F”, should be determine at the tip of the gear
twoth for cach pressure angle and number of teeth on the loaded side of the investigated tooth,
because the horizontal and vertical force components, “Fy” and “Fy” of the normal applied force are
required ws un input deta for the finite element program [Nema Khalifa AL-ID, 1987).

R, .
f-seos L —c0s¢ |~ —— —(lang — @) + (tan &' - 8') a5 (18
L R, i

where ¢ represents the pressure angle for the loaded side of tooth.

FINITE ELEMENT ANALYSIS

i the finite element method, the actual domain of the gear tooth represented as an assemblage of
sub-divisiony called ™ finite elements ”. These elements are considered to be interconnected at
specified joints, which are called “ nodes ” or “nodal points 7. The nodes usually lie on the element
buundarics ~vhere adjacent elements are considered to be connected. Since the actual variation of
the field variable (such as displacement components) inside the domain is not known, it can be
dssumed that the variation of the field variable inside a finite element can be approximated by a
sinple Tunction. These approximating functions (which are called interpolating models) are defined
i terms of values of the field variables at the nodes. When field equations (such as equilibrium
cquations) for the whole gear tooth are written, the new unknowns will be the nodal values of the
Held varables By solving the field equations, which are generally in the form of matrix equations.

Jwe nodal values of the field variable will be known, Once these are the approximating functions
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define the field variable throughout the assemblage of elements. The first step in the finite element
method is to divide the whole domain of the gear into sub-divisions or elements. Hence the gear
looth that is being analyzed has to be modeled with suitable finite elements. The number, type size
and arrangement of the elements have to be decided.
Gear tooth profile program (GTP) [Mohammad Q. Abdullah, 19947 has been used to generate
symimetrical and unsymmetrical spur gear teeth for different pressure angle, different number of
teeth, and with or without correction. Fig. (4) shows six samples of this program.
Gear auto mesh program (GAM) has been built up in order to generate nodes with known
“coordinates (x & y) and also to generate elements of 8-nodes inside the gear tooth domain. Fig. (5)
present two samples of the studied cases, which are generated by using (GTP) and (GAM)
programs.
The finite element mesh that have been used in this work contains 387 nodes, 108 elements each
clement has 8 node and each node has two degree of freedom (isoparametric element) as shown in
Fig. (4). The boundary condition can be shown in Fig. {6) where all the nodes along the sides' (b)
and (¢) are ‘fixed in x-direction but can be moved in y-direction, and all the nodes in side (a) are
fixed in y-direction but can be moved in x-direction.

YALIDITY TEST OF FEM PROGRAM

Because there 1s no an exact solution (analytical solution) or experimental results to compare with
I"EM program’s results. Therefore, the validity of the program will be achieved by comparing its
results with the available results published in the literatures, ie. [Kozo Ikegami and Kenji
IKikushimu. 1986].

1he studied gear is a spur gear of module 5, pressure angle 20° with number of teeth 30. For the
stress analysis, the finite element method is used assuming a plane strain condition. Fig. (7) shows a
method ol the studied gear. A concentrated normal load of 10 N/mm is applied at the top of the gear
tooth. In Fig. (7), region (1) is a resin rich zone, regions (2) to (4) are the fiber cloth reinforced parts
and region (3) is the chopped fiber reinforced part.

Lhe stress distribution for a given applied load is calculated by using the material constants of the
gear elements. The theory of failure which is used in this analysis is the maximum stress theory, 1.e.

ply failure will oceur if any stress in the material axes directions exceeds the respective basic faﬂuu
strength:

o T
Z2.&1 2

~

a
b2

. H
e

where: X, Y » axial and transverse strength in 1 and 2 direction respectively.
: shear strength in the (1-2) plane.

he mesh m odel which is used in this case, consists of 864 isoparametric elements with two degree
freedom and 8-nodes.
table (1) shows the comparison between [Kozo Ikegami and Kenji Kikushima, 1986] and FEM
p togram’s results, where for case (1) carbon fabric in the regions 2,3, and 4 and glass chop in the

gion 5. while for case (2) glass fabric in the regions 2,3, and 4 and gIass chop in the region 5.
'i‘hu comparison shows that there is good agreement between [Kozo Ikegami and Kenyji
Kikushima, 1986] and FEM program, therefore, the validity of the FEM program is satisfied.

and

of
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Table (1) Validity Test for FEM Program.

Max. Max. Max.
(o1/X) (02/Y) (112/S)
Ref. [5] 10,023 0.074 0.009
| Case (1) | FEM program | 0021049 0.066958 0.008381
B 8.48% 9.52% 6.88%
Error
Ref. [5] 0.057 0.0275 0.0075
| Case(2) | FEM program | 0.052159 | 0024885 | 0.006982
. Paicente 8.49% 9.51% 6.91%
| Error
e e e L e

STUDIED CASES ;

From the Fig. (8) many parameters affect the gear tooth shape like pressure angle (¢ ), number of
teeth (). radius of fillet (R) and positive profile correction (x). Therefore, to achieve the above
objectives, the effects of fiber orientation with varying all of these parameters have been studied.
The studied cases can be summarized as follows:

I- Varying the pressure angles, the pressure angles are selected to be one of the following available
standard values 14.5°, 20° and 25°.
(et}
gu=¢gL{=145

pu=g¢=20
pu=¢ (=25

(h)
GU=145" - =145
pu=20° - (=145
pu=25" - $l=145°

2= Varying the number of teeth, Z=(14, 19, and 24) tooth.
5- Varving the radius of fillet
ry=03m,,04m,,0.6m,
4= Litlect of profile correction.
(a) for Z=14, ¢=14.5°

without correction x=0

with correction x=0.56
(h)  tor Z=14, ¢ =20°

without correction  x=0

with correction x=0.18

313



EFFECT OF FIBER ORIENTATION ON THE ROOT

j M. Q. Abdullah and 1. Shamouael STRESSES OF THE GEAR TOOTH

5- 5. Elfect of various fibers reinforced gear tooth. Three types of fiber have been studied
(Glass, Graphite, Boron) fiber.

The tooth geometry, material properties, loading conditions, boundary conditions and plane

symmetryv condition are as follows: ’

{rcometry

Module, m, =10mm
Tooth face width, b =1mm
Addendum height, h, =m, =10mm

Dedendum height, by =1.25m, =12.5mm

Mechanical Properties of Materials
Table (2) cives the elastic moduli and strength of materials used in the unidirectional fiber
reinforeed gears.

Loading Condition

An external normal force “F” of 50 N per unit face width “b” is applied at the tooth tip with an
angle “B7. The value of the applied force is selected such that the values of failure index (F.I.) with
the varying of fiber orientations will be clear at the tension and compression sides of gear tooth.

Boundary conditions
As stated belore.

Plane symmetry condition
The gear tooth domain is considered as a plane strain problem.

FINITE ELEMENT RESULTS
T'he basic aim of the FEM program is to obtain the stress distribution, the maximum failure index
(using ofTman Criteria) for each orientation of fiber inside the gear tooth domain which is
considered as a plane strain problem, under the stated load and boundary conditions. The material
ol the gear tooth, which is considered as a reference case for the finite element results, is
Glass/Epoxy.
A symmetrical gear tooth with ¢ £ = gu = 20", Z = 19 teeth, ry= 0.3 mo and x = 0 of fiber glass
type will be taken as a benchmark case for the vahdaty tests for FEM program. In addition to the
validity tes: which described before, the computational efficiency of the FEM program will be
achieved again by comparing its result with MSC/NASTRAN package. Table (3) contains the
maximum values of the failure index at (8 = 120° & 75°) for tension and compression sides
respectively of FEM program and MSC/NASTRAN package. Fig. (9) show the effect of fiber
orientation on the failure index for FEM program and MSC/NASTRAN package for both tension
and compression sides. Fig. (10) shows the effect of fiber orientation on the failure index (1) for
tension and compression sides. To show the effect of the pressure angle on the failure index in this
work, three standard values (14.5°, 20° and 25%) of pressure angle have been studied. Fig. (11)
shows the effect of the %ymmetrlcﬂ pressure angles on the failure index and also, Fig. (12) shows
the effect of unsymmetrical pressure angles on the (F.L), where the solid lines represent the tension
side while the dotted lines represent the compression side.
The efleets of number of teeth, radius of fillet, profile correction, and type of fiber reinforced
material on the failure index are shown in Figs. (13) to (15).
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DISCUSSION

I'rom the percentage errors were computed between the present work and MSC/NASTRAN
packuge. as shown in Table (3) and Fig. (9). It’s noted that the percentage error was small between
the results therefore. the validity of the FEM program was satisfied. From Fig. (10), it coild be
recognized that the failure index has the smallest value when the fiber orientation lies between
(1107 - 120%) at tension side and (60° - 75°) at compression side, i.e. when the fiber is parallel to the
tooth prelile at the weakest section point. It is clear that the increase of the tooth strength i.e.
decereasing \he failure index at the root fillets are directly proportional with the increase of the
following geometrical parameters:- :

The loaded and /or unloaded sides pressure angles.

[he number of teeth.

[he filet radius.

4. The profile correction.

Where the increase in the above parameters will lead to increase the critical cross-sectional area of
the gear tooth, as shown in Figs. (11) to (14).

From Fig. (15), it is clear that the reinforcement of gear tooth with boron fiber will lead to decrease
e lwilure index more than using graphite or glass fiber, but at 0 = 120° at tension side and 9 = 60°
al compression side, the rienforcement with graphite fiber is better than the boron fiber.

L-
-~
p

3-

CONCLUSIONS :

‘T'he main conclusions obtained from the present analysis can be summarized as follows: -

|- There is an effect of the fiber orientation on the root stresses (which represented by the failure

index) of the gear tooth. Where the failure index has a minimum value when 6 = (105° to 120%)

at the tension side, and when 0 = (60° to 75°) at the compression side.

There is a direct proportionality between the improving of the root stresses of the gear tooth

with the geometrical parameters (loaded and unloaded pressure angles, number of teeth, radius

of fillet and profile correction). Where the increase in these geometrical parameters leads to

decrease the failure index.

3- There is an effect for the fiber type of the reinforced gear tooth on its root stresses. Where the
reinforced gear tooth with boron fiber are better than glass or graphite fiber from the point of
view of root stresses (failure index).

[ ]
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Table (2) Material Constants used in the Gear Analysis

T e A e

Glass/ Graphite/ Boron/
Material Constants Matrix Epoxy Epoxy Epoxy
i Young’s modulus (Gpa)
El 3.38 33.77911 | 206.8427 | 206.8427
E2 3.38 17.92637 | 5.171068 | 20.68427
Shear modulus (Gpa)
e Gl12 1.225 | 8.963184 | 2.585534 | 6.894757
Poisson’s ratio
V2 0.38 0.25 _ 0,25 0.3
Tensile strength (Mpa)
= 29 | 1034214 | 1034214 | 1378.951
Y 29 27.57903 | 41.36854 | 82.73709
Compressive strength (Mpa)
oAb 158 1034.214 | 689.4757 | 2757.903
¥ 158 137.8951 | 117.2109 | 275.7903
A .

4136854 | 68.94757 | 124.1056

Table (3) Verification Test for Static Case.

Failure Index at 0 ' 120° Failure Index at 6 = 75°
(tension side) (compression side)
Present Work 0.159828 0.125627

MISC/NASTRAN 0.1726142 0.1319083

Percentage Error 7.41% 4.76%
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Fibers

pd

X
—>
Fig. (2) Unidirectionally Fig. (3) Lam?na‘of arbltraljy or-lentgtlon of
R g ; Principal material directions.
Reinforced lamina.

317



“ P — : EFFECT OF FIBER ORIENTATION ON THE ROOT
i 8 ibaudialuand:L Bhaimoune : STRESSES OF THE GEAR TOOTH

/”‘\ p
/\ \
() L

i
l
| \
(a)
(c)
(e)
Fig. (4) Samples of Gear Tooth Profiles of module me = 10 mm.
$ L= gu=14.5", Z=14 tooth, r;= 0.3 mgand x = 0

(b) ¢ U~ ¢gu=20°, Z=19 tooth, rr= 0.3 myand x = 0
(€) ¢ L= ¢u=20°, 7Z=24 tooth, rr= 0.3 myand x = 0
() @ L= 1457, gu=20",Z=19 tooth, r;= 0.3mz and x = 0
(&) ¢ (= pu=20°, Z=19 tooth, r;= 0.4 myand x = 0.
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Fig. (8) The Tooth Profile and Dimensions.
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Fig. (9) Variation of Failure Index with Fiber Orientation at (a) Tension
Side and (b) Compression Side.
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Fig. (1
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NOTATIONS

Matrix and Vectors

(5] Strain-stress relation in principal material direction.
[Q]  Reduced stiffnesses matrix.

Transformed reduced stiffnesses matrix.

Yartable

b Tooth face width. mm
FEy Ea E; Modulus of elasticity in 1, 2 and 3 direction. N/ mm2
I Normal applied force at the tip of the tooth. N
Ix. Fy  Normal applied forces components in the x and y directions. N
G (1 f‘ " Shear modulus. N L mm
h,. hy Addendum and dedendum heights. mm
m,, Module. mm
R, Radius of addendum circle. mim
Ry Radius of base circle. mm
Ry Radius of dedendum circle. mm
Iy Fillet radius. mm
S Shear strength in the (1-2) plane. W Tz
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X Correction Factor.
X (X)  Axial tensile (compressive) strength in the 1-direction. N/ mm?
Y. (Ye)  Transverse tensile (compressive) strength in the 2-direction. i 2
Z Number of gear teeth.
Greek Letfers
0 Angle of fibers inside the gear tooth domain (deg.)
B Loading angle of the normal applied force (deg.).
©1.62. €3  Normal strains in the principal material directions.
ex. ey ex Normal strains in the coordinate directions.
ol.o2,03  Normal stresses in the principal material directions.
oxn. Gy, 0z Normal stresses in the coordinate directions.
v12.425.y13  Shear strains in the principal material directions.

¥xy. yyz, yxz Shear strains in the coordinate directions.

v12,v23,

vi3

Poisson’s ratio in the principal material directions.

VXY. V ¥Z, V

0 Poisson’s ratio in the coordinate directions.

¢l gu Pressure angles for loaded and unloaded sides (deg.)
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