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ABSTRACT 

     In this paper, the axisymmetric bending behavior of FG_CNTRC moderately thick 

cylinder under the effect of internal pressure and thermal load is investigated. Three kinds of 

distributions of a single-walled carbon nanotube (SWCNT) are utilized, that is uniform and 

two types of functionally graded distributions of CNTs through the radial direction of 

cylinder. The governing equations are derived based on the elasticity theory. The steady state 

heat conduction with convection heat transfer on the inner surface of cylinder and the thermo 

elastic equations are solved numerically by the finite element method. A computer program 

by Fortran95 (FTN95) has been built to obtain the temperature distribution and displacement 

field through the radial and longitudinal direction of the cylinder. In detail, parametric studies 

have been achieved to show the effect of convection heat transfer coefficient and the kind of 

CNTs distributions on the bending response of the cylinder. It’s found that the percentage 

increasing in the radial displacement (Ur) about (34%), when the value of conduction heat 

transfer coefficient increase from (hc=5 W/m
2
 K) to (hc=5 W/m

2
 K). Also, it’s found that, the 

value of (Ur = 0.15) for FG_V as compared with the value (Ur = 0.1) for the FG_X 

distribution. Moreover, the influence of various boundary conditions is also investigated. The 

accuracy of the current study is validated by comparative study with that available in the 

literature and found that the percentage error between two studies in the range of (0.022%, 

0.042%, and 0.047%) for UD, FG_V and FG_X distribution respectively. So, there is a good 

agreement for the results. 
Keywords:  carbon nanotube, convection, finite element, theory of elasticity, fortran95. 

 

التحليل الحراري والمرن للاوابيب  المركبت والمقواة بالياف الكاربون المتىاهيت بالصغر باستخذام طريقت 

 العىاصر المحذدة ووظريت المرووت

 حمذ محمذ حسه 
 ٍذسط

جاٍؼح الاّثاس –ميٍح اىهْذسح   
  

 الخلاصت
ستىُ راخ اىخىاص اىَرغٍشج ذذسٌجٍا ذحد ذاشٍش فً هزا اىثحس ذَد دساسح الاّحْاء اىَرْاضش ىلاّاتٍة اىَؼضصج تأىٍاف اىنا

اىضغظ اىذاخيً ىلاّثىب واىحَو اىحشاسي . شلاز اّىاع ٍِ اىرىصٌغ لاىٍاف اىناستىُ ذَد دساسرها هَا اىرىصٌغ اىَْرظٌ 

ّظشٌح  واشْاُ ٍِ اىرىصٌغ اىَرذسج خلاه الاذجآ  اىقطشي ىلاّثىب .ذٌ اشرقاق اىَؼادلاخ اىحامَح ىيحشمح تالاسرْاد اىى

اىَشوّح .ذٌ اسرخذاً طشٌقح اىؼْاصش اىَحذدج ىحو ٍؼادلاخ اّرقاه اىحشاسج ػذدٌا. ذٌ تْاء تشّاٍج تىاسطح ىغح اىفىسذىُ 

ىثٍاُ ذىصٌغ دسجاخ اىحشاسج واىرشىهاخ خلاه الاذجآ اىقطشي واىطىىً ىلاّثىب . ذٌ اّجاص دساسح ذفصٍيٍح ىثٍاُ ذاشٍش 

ٍش اّىاع ذىصٌغ اىٍاف اىناستىُ ػيى اسرجاتح  الاّحْاء ىلاّثىب ومزىل ذَد دساسح ذاشٍش ٍؼاٍو اىحَو اىحشاسي ومزىل ذاش

( . ذٌ اجشاء دساسح ٍقاسّح ٍغ اىذساساخ اىساتقح ىثٍاُ دقح صحح  boundary conditionsاّىاع الاسْاد ىلاّثىب )

 اىذساسح ووجذ هْاك ذقاسب مثٍش تٍِ اىْرائج ىنلا اىذساسرٍِ .
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 .  59: ماستىُ ّاّىذٍىب , اىحَو اىحشاسي , اىؼْاصش اىَحذدج , ّظشٌح اىَشوّح  , فىسذشاُ   سيتالكلماث الرئي

1. INTRODUCTION 

Since the beginning of the last decade, carbon nanotubes have become the focus of significant 

research, Lau,and Hui, 2002, Thostenson,et al.,2001 The excellent physical and mechanical 

properties encourage the researchers to concentrate on this kind of materials. From the 

unparalleled electrical properties, thermal conductivity higher than diamond to mechanical 

characteristics, where the stiffness and strength override any present material, Liu 

,andChen,2003. Qian, et al.,2000 Many studies of carbon nanotubes-reinforced composites 

(CNTRCs) have been concentrated on the composite properties. Seidel, et al.,2006 evaluated 

the effective mechanical properties of CNTs in two step process by using composite cylinders 

micromechanics method as initial step and then the elastic properties of composites calculated 

by utilizing Mori-Tanaka technique. Hu, et al. 2005 presented the macroscopic elastic 

properties of carbon nanotubes reinforced composites by analyzing the elastic distortion of a 

representative volume element. Many of researches have displayed that the addendum of little 

quantities of carbon nanotubes can significantly get better the mechanical and thermal 

properties of the composites which reinforced by carbon nanotubes , Yang, et al., 2011, 

Manchado, et al., 2005 . Although these researches are perfectly helpful in foundress the 

performance behavior of the Nano composites, their utilization in veritable structural 

applications is the main target for the improvement for this kind of advanced materials. So, 

the first study on the actual nanocomposites reinforced by CNTs was achieved by 

,Vodenitcharova, and Zhang,2006. They investigated the pure bending and local buckling 

of the nanocomposite beam reinforced by single-walled carbon nanotube. With the multiscale 

analysis, the stress and deflection behavior for the carbon nanotubes reinforced composite 

beam is investigated by ,Wuite ,and Adali, 2005. Their outcome proved that, the 

enforcement by adding a little portion of CNTs produce a considerable improvement in beam 

toughness. 

Shen,2009 used the perturbation method to investigate the nonlinear bending behavior of 

functionally graded carbon nanotubes reinforced composite plate under the effect of 

mechanical and thermal loads. His results revealed that, the temperature rise has a great 

influence on the bending behavior of the composite plates. Also, the same author investigated 

the postbuckling of the composite cylindrical shell reinforced by carbon nanotubes under the 

influence of torsion with thermal conditions Shen,2014. His results showed that the buckling 

torque can be increased with the linear functionally graded reinforcements. 

Based on the element-free Ritz technique, Lei et al. 2013, presented the buckling behavior of 

functionally graded carbon nanotubes reinforced composite plates under the effect of different 

in plane mechanical loads. Their results proved that, the distribution kind of carbon 

nanotubes, geometric parameters and loading conditions have considerable effects on the 

buckling loads. Furthermore, Lei et al.,2013, performed the nonlinear deflection behavior of 

composite plates strengthened by single-walled carbon nanotubes. Their outcome revealed 

that, the nonlinear performance of the nanocomposite plates affected by the distribution types 

and volume fractions of the carbon nanotubes.   

By depending on the finite element method, Ping et al.,2012, carried out the bending and free 

vibration behavior of composite plates strengthened by carbon nanotubes. Their steady 

revealed that, the volume fraction of the carbon nanotube has a great influence on the bending 

behavior, but it’s not effect on the central axial stress and free vibration. The behavior of 

nonlinear vibration for the cylindrical shells reinforced by carbon nanotubes under the effect 

of thermal environment was studied by ,Shen, and Xiang, 2011. Their study depends on the 

perturbation method in order to obtain the nonlinear frequencies and it concluded that the 
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temperature rise has a great effect on the natural frequencies of the composite plates. Based 

on the mesh-free technique, the transient and free vibration behavior of nanocomposite 

cylinders reinforced by carbon nanotubes was investigated by Rasool et al. 2013.Their 

investigations revealed that the volume fraction of carbon nanotubes and geometric parameter 

have a great influence on the dynamic response of the nanocomposite cylinder. Under the 

effect of mechanical loads, the large deflection of    functionally graded carbon nanotubes 

reinforced cylindrical panels was analyzed by Zhang et al. 2014. Their study used mesh-free 

kp-Ritz technique with the modified Newton-Raphson method to resolve the system of 

nonlinear equations. Furthermore, Malekzadeh et al., 2012, investigated the effect of 

convection heat transfer on the transient behavior of rotating laminated functionally graded 

cylindrical shells. Their study utilized differential quadrature method and found that the 

convection heat transfer coefficient has a great influence on the behavior of the functionally 

graded cylindrical shell. 

Finally, the three-dimensional elasticity theory used by Alibeigloo, and Liew,2013 to 

investigate the bending behavior of the FG-CNT reinforced composite plate under the action 

of thermal and mechanical loads. Their study utilized Fourier series expansion and state space 

method to evaluate the exact solution for plate bending. They found that, the temperature 

difference near the bottom surface has a significant influence on the bending behavior. 

It is clear that, the thermo-elastic behavior of functionally graded carbon nanotubes reinforced 

cylinders under the effect of convection heat transfer has not been yet studied and the present 

work endeavors to consider this analysis.   

 

2. CARBON NANOTUBES REINFORCED COMPOSITE CYLINDERS     

Consider a composite cylinder of length  l  , inner and outer radius of inr  and our  

respectively. It is assumed that, the cylinder fabricated from a mishmash of single-walled 

carbon nanotubes along the longitudinal direction and an isotropic polymer. 

The effective material properties for the constituent’s mixture of the carbon nanotubes and the 

polymer can be evaluated by using either the rule of mixture or the Mori-Tanaka method. 

Because of suitability and straightforward, the present study utilized the rule of mixture. The 

effective mechanical and thermal properties of CNTs reinforced cylinders can be written as 

Alibeigloo, and Liew,2013: 
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in order  to calculate for the scale dependent material properties, ( 1,2,3)j j  , the carbon 

nanotube efficiency parameters were inserted and can be evaluated by matching the effective 

properties of carbon nanotube from the molecular dynamic simulation together with the 

numerical results evaluated from the rule of mixture. 
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The distribution form of the carbon nanotube volume fraction has significant influence on the 

composite cylinder behavior. So, in the present study three kinds of CNT volume fraction 

distributions are considered in the radial direction of the cylinder as shown in Fig.1. The first 

type UD clarifies the uniform distribution and the other two (FG_V, FG_X) the functionally 

graded distribution in the radial direction of the cylinder. The mathematical models for the 

above distribution are as follow, Alibeigloo, and Liew,2013:  

*

*

 _ : 2                                                                                        (2 )
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3. MATHEMATICAL MODELING 

The inner surface of CNTRC cylinder is assumed to be subjected to a convection heat transfer 

and internal pressure but the outer surface is free from mechanical loading and has a constant 

temperature. Because of the axisymmetric geometry and loading conditions of CNTRC 

cylinder, the thermoelastic equations decrease to the two-dimensional ones. According to that, 

a cylindrical coordinate system  , zr is suitable to represent the un deformed points of the 

CNTRC cylinder. 

The steady state in  , zr coordinates, heat conduction equation for each of the three   models 

of CNTRC distribution along radial and longitudinal directions is considered as Shen, and 

Xiang, 2011: 
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b

 Also, the thermal conductivity for each case of CNTRC cylinder distribution is 
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The thermal and displacement boundary conditions are, Malekzadeh et al., 2012: 
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3.1 Finite element solution for temperature field 

The weak form for Eq. (3), Reddy JN. 2006.  
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From Eq. (5a) 
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The finite element model of Eq. (6c) is obtained by substituting the finite element approximation of 

the form 
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3.2 Finite element solution for displacement field  

The equilibrium equations of motion in the cylindrical coordinate system for CNTRC cylinder 

are given as: 
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 The linear stress-strain relations with heat conduction equations for CNTRC cylinder are 

given by: 
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The linear strain-displacement relations are 
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The weak form for the equilibrium equations (11) 
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By integrating by parts and utilizing Gauss’s divergence theorem 
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The boundary integrals denote the forces acting on the element face. 

By substituting Eq. (12 ) and Eq.(13 ) into Eq. (14 ) 
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So, the finite element model of Eq. (16) is obtained by substituting the finite element approximation of 

the form 
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u u u u   
  

    

  

So, equations (16) becomes 

11 55 12 13 55

11 12

2

                                                                    

j j j jj ji i i i i
z j r

i i
z r

c r c r u c r c c r u
z z r r z r z r z

Tr c c drdz
z z

       
 

 
 



           
       

           

   
  

  



                    18a

  

     

55 12 13 55 22 23

23 33 12 22 13 23

2

1
        0          18

j j j j jji i i i i
i z j

j i
i i j z r i z r

c r c r c u c r c r c
z r r z z z z r r r

c c T r c c c c drdz b
r r r

        
  

 
      



          
                  

   
       

   


  

The integrals can be represented in matrix form 
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      
11 12

21 22

                                                                                                                       19

     
   

     

i i
ij ij z z

i i

ij ij r r

K d R a

K K u R

K K u R



        
     

         

                                                                                                 19b

  

4. NUMERICAL RESULTS AND DISCUSSION 

In the following, numerical results are utilized to display the veracity and the influence of 

convection heat transfer on the thermo-elastic response of nanocomposite cylinder. The 

mechanical, thermal properties of CNT and matrix polymer are written in table1. With a view 

to validate the current work, a comparative study for the dimensionless transverse 

displacement of CNTRC plate under the effect of pressure load, in three cases of CNT 

distributions with those available in the open literature are written in Table 2. Since the 

bending behavior in Ref. Ping et al.,2012,  is solved numerically by finite element method as 

in the present study, the results are very close to each other. 

 Through the present study, CNTRC cylinder considered with inner radius, inr =0.4m, and 

outer radius   our =0.5m. In addition, the values of internal pressure  1inP MPa   applied on 

the inner surface of cylinder,     *

0 300 , 1100 , 0.17, 1 cnT K T K V l m     are used in the 

case study. The dimensionless quantities included , , inr z
r z

ou in ou in

r ru u
U U R

r r l r r


   

 
 are used to 

represent the results. Fig.2 shows the temperature distribution through the radial direction of 

the CNTRC cylinder. According to this figure, the temperature distribution through the radial 

direction increases as the convection heat transfer coefficient increase. Also, it is clear that, 

the temperature distribution is linearly, because the formula for the thermal conductivity 

varying linearly through the radial and longitudinal direction of cylinder. For more debate, 

numerical investigations have been executed for clamped-clamped and clamped-free 

boundary conditions illustrated in Figs.3-8 describe the influence of convection heat transfer 

coefficient and the type of carbon nanotube distribution on the cylinder behavior. 

Fig3a-c shows the effect of the convection heat transfer coefficient on transverse 

displacement for three types of CNT distribution. From this figure, it is obviously that the 

value of transverse displacement has maximum value on the inner surface of the cylinder. 

This is due to the inner surface has maximum value of thermal and mechanical loads. Also, it 

is clear that the increasing in the convection heat transfer coefficient lead to increase the 

transverse displacement. Fig.4 describes the effect of type of carbon nanotube distribution on 

transverse displacement through radial direction. It is clear that, the transverse displacement 

in the case of FG_X has minimum value, while as it is maximum in the case of FG_V CNT 

distribution. Furthermore, Fig.5 depicts the behavior of the transverse displacement through 

the longitudinal direction of the cylinder under the effect of type of carbon nanotube 

distribution and convection heat transfer coefficient. 

For clamped-free condition, the behavior of CNTRC cylinder is different from clamped-

clamped condition. As shown in Fig.6 which shows the behavior of transverse displacement 

through radial direction for three types of CNT distribution. It is seen that, the uniform 

distribution (UD) has the maximum value as it is minimum in the condition of functionally 

graded and according to that the numerical results are for the condition of FG_X distribution. 

Furthermore, Fig.7a-C illustrates the effect of convection heat transfer coefficient on 

transverse displacement in radial direction for three kinds of CNT distribution. Also as in 
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clamped-clamped condition, it is seen that the increasing in convection heat transfer 

coefficient lead to increase in transverse displacement for all three types of CNT distribution, 

but the response of transverse displacement in case of clamped-free is higher than that for the 

first condition. 

Finally, Fig.8a-c presents the behavior of longitudinal displacement through the radial 

direction for different types of CNT distribution and convection heat transfer coefficient. 

From this fig. it is clear that the CNT distribution plays an important role in the behavior of 

longitudinal displacement and also the convection heat transfer coefficient has the same 

effect.    

5. CONCLUSION 

The axisymmetric bending behavior of functionally graded CNTRC cylinder under the effect 

of thermal and internal pressure has been analyzed. Also in this study it has been 

programming the finite element method by FTN95 to solve the temperature field and 

displacement. The effect of convection heat transfer coefficient as well as the type of CNT 

distribution on thermoelastic behavior of functionally graded CNTRC cylinder was 

investigated. It is concluded that, the convection heat transfer coefficient and the type of CNT 

distribution has a great effect on the behavior of cylinder. From the study, some remarkable 

conclusions can be written. 

 The influence of FG_V distribution on the displacement field is more significant than 

that for the other kinds of distribution. 

 Effect of increasing convection heat transfer coefficient (hc) on the radial 

displacement in the case of FG_V distribution is more significant than that for the 

other kinds of distribution. 

 The effect of clamped-free condition on the response of the CNTRC cylinder is 

greater than the influence of clamped-free condition. 

 The deformation on the inner surface of the cylinder (Uz) is higher than that on the 

outer surface in case of FG_V distribution, while it remains constant in the case of 

FG_X and UD distributions. 

 The influence of increasing the convection heat transfer coefficient is significant on 

the temperature distribution through the thickness of CNTRC cylinder.    
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NOMENCLATURE 

11 22 12, , , ,cn cn cn

m mE E G E G  : young’s modules, shear modulus of carbon nanotube   and matrix,        

                                      respectively 

, , ,cn

cn ij m mk k   : thermal conductivity and coefficient of thermal expansion of CNT and         

matrix, respectively 

,cn mV V   : CNTs and matrix volume fraction, respectively 

 1,2,3i i   : CNT efficiency parameters 

P : aspect ratio of CNTs 

kR : interface thermal resistance between CNT and matrix 

 , ,i i r z   : normal stress 

 , ,i i r z   : normal strains 

 ,ij i r j z   : shear strain 

 ,ik i r z  : thermal conductivity in r and z direction 

T :  temperature 

hc  : convection heat transfer coefficient 

 :  virtual displacement 
  : shape function 

K  : stiffness matrix 

d  : displacement vector 
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R  : force vector 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Distribution of CNT volume fraction through the radial direction for kinds of FG_V, 

FG_X and UD.  
 

 

Table 1. Mechanical and thermal properties of CNT and polymer matrix [22]. 
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Table 2. Comparison of dimensionless central deflection W for CNTRC square plate with two 

kinds of functionally Graded and UD of CNT distribution under the effect of uniform 

pressure( 5 21 100p N m  ). 

 

 

Figure 2. Through the radius distribution of temperature with different values of hc for 

CNTRC cylinder With _FG V . 
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(a) FG_V 

 

(b)FG_X 

 

 

 

 

 

  

     

 

 

 

 

 

 

 

 

 

 

 

Figure 3. Through the radius distribution of radial displacement for clamped-clamped 

CNTRC cylinder. 

 

Figure 4. Through the radius distribution of radial displacement for clamped-clamped with 

different kinds of CNT distribution. 
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Figure 5. Through the longitudinal distribution of radial displacement for clamped-clamped 

CNTRC cylinder for different types of CNT distribution. 

 

 

 

 Figure 6. Through the radius distribution of radial displacement for clamped-free with 

different kinds of CNT distribution and hc=20(W/m
2
K). 
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(a) FG_V (b) FG_X 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7. Through the radius distribution of radial displacement for clamped-free CNTRC 

cylinder. 
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(a) FG_V 
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Figure 8. Through the radius distribution of longitudinal displacement for clamped-free 

CNTRC cylinder. 
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